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. Thecontinued Med ofthe book on VECTOR CALCULUS from student Sofia has prompted 
. usto write a book which can serve their needs. This book will goa long way in helping students intheir 
.. graduate course and in preparation of M.Sc. Entrance exams like IIT-JAM, TIFR, IISc, CMLISI, 
- DU, BHU, ISM and Civil Services Exams. 


The questions of previous year papers of different competitive exams been solved as if discussed 


- inclass by ateacher. The book has been divided into ten chapters. 
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_ terminal point of b represents vector dt b in magnitude and 


VECTOR ÁLGEBRA 











1. DEFINITION | OM 
A scalar is a quantity, OE has only inagnitude! but m not ue a direction. For exainple: time, 
mass, temperature, distance and specific gravity etc. are scalars. 
A Vector is a quantity which has magnitude, direction and follow.the triangle law of addition. For 


example : displacement, force, acceleration are vectors. 
(a) There are different ways of denoting a vector: à or à ora are different ways. We use for our’ 


convenience d, b, d etc. to denote vectors, and a, b, c to denote their EE Magnitude ofa - 


vector a is also written as | a]. 
(b) A vectora may be represented by a line segment OA aud arrow gives direction of this vector. 
Lengtli of the line segment gives the magnitude ofthe vector. — ' 


SS 
Ó 0H " | | 


Here O is the initial point and 
^A is the terminal point of OA 
- Figure L. 7 







point of Gand the line j joining the initial point of-a to the 





direction. l Figure 1.2 - 





(Q) ä+b=b5+ā, (Vector addition is commutative) 
(i) G+(b+2)=G+b) €, (Vector addition is associative) 
ii) |a bisia| Ib], | equality holds when @ and b are like vectors 
Qv) Ja b|2ial- | bl, .. equality holds when à and 5 are unlike vectors 






E: 


— Vectór A Igebra 2i 





^69 eea 5 


(i) Equal Vectors 
.. Two vectors are said to be equal if a only if they have equal Santos and same direction. 


n 


As well as direction is same C 


Figure 1.3 





(i) Zero Vector (Nul Vector) 
| A vector whose initial and terminal points are same, is called the null vector. 
For example AÁ . Such vector has zero magnitude and no direction, and denoted 
by 0. l . l : ds 
l——— EE l " Figure 1.4 
AB+BC+CA=AA. or -AB+BC+CA=0 "e 
(iii) Like and Unlike Vectors 
Two vectors are said to be 
(a) Like, when they have same direction. 


P ` (b) Unlike, when they: are in opposite directions & dais aare two unlike vectors as their directionsare - 
Z opposite, a and 3 aare like vectors. 


^ (iv) Unit Veror, 








y 
p. Aunit. vector is a vector whose magnitude i is unity. We write, unit vector in the direction of a as 4. 

gos j | a 

B Therefore à a= a 22 : EE p RENS ERE 

Pu A * od ld (a METRE f 
(v) Parallel Vectors ~ Hr ONDERI DUREE 
Two or foie vectors are said to be parallel, ifthey ine the same ‘support — ..Figure 1.5 
Onparallel SU ctors may have equál or uriequ 74 








. positi nyector of soint P where Õis the origin of a Thus 
- forany points A and B inthe space, AB - OB- -OA 
` (vii) Co-initial vectors » 4 C : l 
Vectors having same initial point are called co-initial vectors. Figure 1.6 

As shown in figure: Here OA, OB, OC and OD are co-initial vectors. 


od 
o 

Su 
by 





If a isa vector and m isa scalar, then m à isa vector Sarai toa j whose modulus 15 " times that of 
- à. This multiplication js called Scalar Multiplication. à and b «:e vectors and m, n are scalars, then : 
 m(d)-(aym-ma ` Ex « | m(na)- n(ma) — (mn)a 


(m+n)a=ma+na LL m(à*b)-ma*mb 


1. If à and 5 are the vectors determined. by: two adjacent sides of a regular hexagon, what are the 
vectors determined by the pihe sides taken in order * ? 








ate Vector € ‘aleutsrs 


Solutions 


. OABCDE is a regular hexagon, Let i= a and AB = b. Ti OB and oc 
Wehave . x 

OB= OA+AB=a+b 
Since, OC is parallel to AB and double of 4B. 





. — OC-24B-2b ZU F 
Now = BC = OC-OB=2b-(a+b)=b-a . : 
| CD =-OA=-G@ and DE--AB--b — is 





EO =-BC =-(b-a@)=a-b "M Figure 1.7 ` 


Given a finite set of vectors à ,b ,C , ... then the vector? =xd + yb + z + 
combination of a ,b ,€ , ... foranyx, y, z ... € R. We have the following results : 


(i) If à,b are non zero, non-collinear vectors then xà 4- yb =x'at yboxzx*5yzmy' 


... is called a linear 


(i) Fundamental theorem: Let à, 5 be nonzero, non collinear vectors. Then any vector r coplanar 
with à ,b.can be expressed uniquely as a linear combination of à, b i.e. There exist some unique x, 
y€ R suchthat xà + yb =F. 

(ai) If a,b, c are non-zero, non-coplanar vectors then: 
UE xä+yb+zč= x'ū+y'b+z' > x=x',y=y',z= 
T z QV) Fundamental theorem i in space: Let a, b, be non-zero, non-coplanar vectors in space. Then 
j any vector r , can be uniquely expressed as a linear combination of à, b,č i.e. There exist some 
a ufque x, yeR such that xa + yb +20 =F, 


(v) If x * My» á x, are n non zero vectors, & k,, k,,...k, aren scalars & if the linear combination _ 


REX, = 0S - :0, k, 20... k, =0 then we say that vectors py are. 
dent Vectors 


TEL #0; K +i + GE, tt hE +t k -O0 


$ =k, x, = kx + kx 2 teet k, p, -l PE Xu queres kx, 
l. E = - = 
cpu Br +k, i te ky n tek, ue 
k, k, ks acr 4 ec 


r 


X= CX BOX Pia FOX EO Fach CX, 


r'r-l 


i.e. X, isexpressed as a linear Daon of vectors. 
Xis Xas eee Xyp Xap X 


Hence x, with x, ,X, ,...X, , X, -..X, forms a linearly dependent set of vectors. 
Note 2:. 


(i) Ifa a= 3142 +S then à is expressed as a Linear Combination of vectors i x k. Also, a, 


m k forma linearly dependent set of vectors. In- ‘general, every set of four vectors is a linearly 
dependent system. 


-A 
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(i) Py, k are Linearly Independent set of vectors. For 
ki + kj jk k=0 > k=0= k= k, 


- Show that the vectors 54 + 6b + Te, Jä- 8b +92 and 34+ 20b +52 are coplanar (where 3, b, č 


are three D m vectors). 
', Solution. 


Let A= NA 7à—8b «96 and C= 34 +20b «5e 


A, Band C are coplanar > "7 + yB + zC = Ü must have a real solution for X, y, z other than (0,0,0). 


Now. x(5à4 6b 476) + y(Tà — 8b + 92) + 2(34 + 20b 4 56) 20 

“(Gxt Ty 32d + (6x- 8y + 202)b +(7x-9y45z)é = 0 

5x t Ty +3z=0 

6x — 8y + 20z= 0 l 

7Tx t 9y t 52 70. | (As à, b; € are non-coplanar vectors) 
5 be l 

Now, D=|6 -8 20=0 

go S 


So, the three linear simultaneous equation inx, yandz have anon-trivial solution. 
Fi Hence, 4, B and Care coplanar: vectors. 


' 6. ‘COLLINEARIT AND COPLANARITY OF POINTS 





(a) {he necessary and sufficient condition for three points with position vectors à, b and Z to le 
b. cüjlineari Is that there exist scalars X, y, z, not all zero, such that, where xà + yb tz6 -0. 
a The ma 2 and sufficient condition for four points with position vectors d, b, C m di to be 





A 
= —~—(2b +a) - 
> P "M 4) 


Figure 1.8 


mares. apio. e p eee 
Alio, ON = (2b) - -< (OP) 


Hence, points N, O aiid P are collinear. ROS dg he e E SUA 







-Veetor Calcziis 


Or, | mAC = nCB yee (i) 


E5 l (As vectors are in same direction) 
Now, - DAS AGES OQ 5 AC - F-ü i) 
F+CB= 6 > CB-b-r _...(iii) 

ma+nb Figure 1.9 





Let 0: " OY sad OZ be three vem en straight lines, Given any point P(x, y, z) in space, 

we can construct the rectangular parallelepiped of which OP is a diagonal and OA =x, CB =y, OC =z. 

. .. Here A, B, Care (x, 0, 0), (0, y, 0) and (0, 0, z) respectively and L, M, N are (0, y, z),(x, 0, z) and (x, 
y, 0) respectively. : 


Let f, j, denote unit vectors along OX, OY and OZ respectively. 
"4 We have F =OP=xi+ yj + zk as OA=xi, OB= yj and OC=zk . 





F Q8 ON = OA* AN. ` 
E OP = ON «NP 
# S (— OP = 0A+0B+0C (NP - OC, AN = - OB) 
=|F | oii df £z 
r 


== = em] +nk 





. Figure L. 10 


— (where a is the REED between OP and vas) 


(where B is the angle between OP and y-axis) 


n=cosy = ———— ( where y is the angle between OP and z-axis) 
\x + y+ z , i 


£, m,n are defined as the direction cosines of the line OP and x, y, z are defined as direction ratios of. 
the line OP. 


n Be op 2) and Q = (6, y, 2;) then PQ = (x, = (y; -yy + —2,)k | 


Therefo.. 
it I0 nc risa) 
ence, irs. so ofthe line through P and Q are x,—x,, y,- Y, and z,—z, and its direction cosines 


x,-X 373 ane i 
are -——- NONE ^ an 742. 


PO ` PQ fe^ 
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E (i) £r, mr, nr are the projection of F on x, y and z-axis. 
ü) F=G +mj+nk | 

(ii) 2 +m? +n? =] , 
(iv) Ifa, b and c ai three real numbers such that £ = T = 


line whose direction cosines are £, mand n 








The mm eere a-b oftwo non-zero vectors a and b is ‘defined as |à || b E cos 30, where 6 is angle 


between the two vectors, when drawn with same initial point. 
Note that 0< 0 x m. 


Ifat least one of dand b is a zero vector, thena- bis defined as zero. 











(scalar rotis is commutative) 


(where m is a scalar) 


E: 


oyi ae 


(ai &a,] &a) (bi &b] b) 


(6) Mi linum value of à. b -- al |b| 


(xii) Any vector à can be writtenas, à = (4. y «(45)i«(a4) 








ON = OBcos0 ^| b | ia J =âb 
4. Prove that the angle in a semi-circle is a right angle. 


Solution. 


Let O be the centre and AB the bounding diameter of the semi- 
circle. Let P be any point on the circumference. With O as origin. 


Let OA =ä, OB =~@ and OP =F 









` Vector Cáleulus - 





Obviously, OA = OB = OP, each Fund to radius of the semi- 
circle. l 


AP=r-a@ and BP =F- (-a)= r+a 
AP- JP =(F- a): (F+a)=r-a@ 





? TOP =047=0 B aon m 
- => AP and BP are S ipei to each other, i.e., ZAPB = 90?. Figure 1.12 





The vector md oftwo non-zero vectors à and b, whose magnitudes are a and b respectively, is is 
the vector whose modulus is ab sin 0, where 0(0 € 0 < x) is the angle between vectors à and b as 
shownin figure 1.13. 

Its direction is that ofa vector 7 perpendicular to both à and b , such that à, b, are in right-handed 
orientation. "2g | 

By the right-handed orientation we mean that, if we turn the vector a into the vector b through the 
angle 0, then ñ points in the direction in which a right handed screw would move if turned in the same 


manner. Thus àxb =| a || b | sin8 i Ifat least one of à and b isa zero vector, then à x b is defined as the 


es 


Zero vector. 





"axe d) 


(i) (ma)xb = m(Gxb) = ax (mb) (where m is a scalar) 
d Ga xb =0 e vectors @ and b are parue (provided à and D are non-zero vectors). 
(i): uv) us =kxk=0 : 


= -Uxi), xk ai =-(kxj),kxi = j=-(@xk) 





ib b, b 





(ix) Area of triangle = =a = Žabsin6 -z áxb| 





(x) Area of parallelogram = ap = absin =|axb |. 

(xi) @xb + b xà (notcommutative) 

áxb 
E xb b| 
(xiii) A vector o1 osgnitude * r& pependieulir to the plane of ä&biso ü 
I(üxb). Figure 1.15 
^ Jax] | 





(x) Vit vector perpeutdienlar tothe planeof à & b isi=+ 
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TQ 


(xiv) Area of any quadrilateral whose tego us are 8, &d, is given by D ; la xd 


x 














dá à-b 
(9) Lagranges Identity : forany two vectors G&b: xb) =|al’ j -(a-by- PEE 
a: s 
5. Ifā,b,č be three vectors such that à + b + č m prove that dx b = bxé xo =Exd and deduce the | 
| : sin: sing sinC l 
. sine rule =— = ' 
b £o 
Solution. l : l 
Let BC, CA, 4B represent the vectors à à,b,c respectively. 
Then, we have ` l 
+b+6 =0- 
E 6 Ae x" 
--bxà id | 
Similarly, exà = axb 
Hence, bx = GxG=axb 
= bcsin(n— A) = casin(x- B) = absin(x-C) 
7 => be sin A = casin B= ab sin C 
f us : sind sing sinC 
a A : a m b. S C 























a a a 

moe m dy 0. "ne a; a a, 
b). C +c b b b 
x M T lhe n. 
CO Q G 


Therefore  (āäxb)-ē = (6xé)-4=(éxd)-b 2 -(bxà)-6 =-(ëxb)-ä=-(āxĉ)-b | 
Note that (àx5).c -(bxc)à -à(b xc), hence in scalar triple product dot and cross are 


(interchangeable. Therefore we denote (4x5) by [a b c]. 








(i) |(axb).c | Tepresents the volue of the Faslldebipsd: whos adjacent side ~~ represented by the 
vectors d, b and Z in magnitude and direction. Therefore three vector d,5,€ are cop lanar if and 





= der a a & 
: onlyif6[ab c]-0.ie, | b, b|-0 
E A Qa G | 
1 


Ifa be. 


(iv) [aa àb]-0. i 
. (v) Ina scalar triple product the position of dot & cross can be interchanged i i.e. 


a: (bxé) = (axb)-é or {a b ele [b c C aj- [c a b] 
(vi) a- (bxc) - -à- (xb) ie. [a b Jaa z b] 
-0D If asaj [aj sa, b=bi +bj +b k &é=citej+ok 
o a, a a, T 
then [bz] = |b, b, bl. 
C, 6, 6 
In general, if 4 = aj + am + ai; b =b] +b, 4 bi & € - cl * en 4 c 


a a 4, 





: Vector Cateulus 


"Tu 


then ee éc]=|b, b b [7 m i]; where? , in & ñ are non coplanar vectors . 


qo G 


(i) if a a, i c are coplanar <> [a b c]- 0. 
» (93, Scalar prpduct of three vectors, two of which are equal or parallel is 0 i.e. [3b 6] - 0, 
Note: If à , b , c are non-coplanarthen [à b 2] » 0 for right handed system & [à b c] < 0 for left 


Ed a sistem. 











| M &c fespectively is given by y = [ab] 





tetrahedron OABC with O as origin & the positive vectors of A, BandC being . 


(xv) The position vector of the on ofa tetrahedron if the positive vectors of its angular vertices are 


a,b, eed uegienby- fae scu 


Note that: This is also the point of concurrence of the lines joining the vertices to the centroids of the 
opposite faces and is also called the centre of the tetrahedron. In case the tetrahedron is regular it is 


equidistant from the vertices and the four faces of the tetrahedron. 
Remember that : [@-b b-¢ ¢-a] =0& [a+b b+c G+a]= 


2 [a b c]. 


6. Prove that the formula for the volume V ofa tetrahedron in terms ofthe lengths a, b and c of three 


concurrent edges and their mutual inclinations $, 0.and v is given by 
‘| 1 cos cosy 
V?=lcosp 1  cos6|. 
cosy cos@. 1 


Vector Algebra 





“Solution: 2 i & 
Let OABC be the (trahis with O as origin. Let à,b,c be the position vectors of A, B, om 
Let @=aitajtak, b =bi+b,j tb, =i +c] +c, 





Then 
, a a d, 
ye jabet b b b 
: ý Go Cj 
a a, 4| Jdi Aa 
yi- xP b bx b 5 
CO 6 G 1G Q G 
' | a? +a +a? ab +a b, +ab, ac ac, ac, 
-laata tab bP +b! +b? hatho tbe, 
Gc, Haye dg Do be he, dure, y 
|| ab ac 
P -> ab |b? be 
AR ac bc |e? 
T i x R | 4  abcosọ cacosy 
£ > i — abcoso p bccos0 
p? | (3 zd bccos0 œ 
7 à : 2 
apal |o 999 cosy 
6 


a = i ree Vectórs a, b and c- is defined as x (b). Ifatleastone à, b and 
6isa zed vector or b and č C are collinear vectors or à is perpendicular to both 5 and c, only then 
ax (b xc). 0. Inall other cases dx (b xé) willbe a non-zero vector in the plane of non-collinear vectors 
and perpendicular to the vector a. 

. Thus we can take ax (bxc) 2 Ab cuc, for some scalars À iid u. Since à Láx(bxc), 
à x(bx2)) 202 A(ab)--u(à.c) 20 > A(GZ)a, u -(à.b)o., for same scalar œ . 
Hence ax (b xc) - (üc)b - (ab Y€ , for any vectors d, b and ésatisfying the conditions given in the 
beginning. In particular if we take, à =b =i, c = j, then a=1. 
Hence áx(bxc)- (à) -(4-bY l 
7. For any vector a, ia that 7 ix(Gxi)+j x (ax J)- Ex(axk)- 2a. 
Solution. 


[i x Gd) Es i "EP 
= ((1a- (ai ]G.)a- 03) (449a - (4)] 





d aics-Um ca E 
3a-((.ay * (.3)j4 Kai] 

Let à -ai*ajj * ak. Then 

ia = ilafi *a] ak) =a ca G ka E &) = a(1) + a0) + a(0) a 








"E a 
Similarly, ` /4-24,kà-a, 
LHS. = 3á- (aj *a,j * ak) -34- à - 2ü -RHS. 





hee b and č be a system of three non- -coplanar vectors. Then the system ob vectors a’, b' and 
Z which satisfies 4! = 6.6" 2 6€ =1 and Gb «à «bd - bc - 6d - Gb =0, iscalledthereciprocal 
system to the vectors á, b, . Interm of à,5, the vectors a’, Ẹ', &' are given by 

bx pz xà „  axb 

 [übe] l8 bej 


y= 











Cal 

p 
Q! 
e 
D 

—À 





O dp -dc-bü-bzü-6dsrb-0 
d (ii) The scalar triple product [a b C] formed from three non-coplanar vectors G, b,é isthe Ed of 
the SUAE IDE product formed from reciprocal system. 






* | . Solving a vector equation means Securing an unknown vector (ora number 2i vectors SHOE the 


Nc Nero mercis. 


given conditions). 
‘Generally, to solve vector equations, we express the unknown as the linear combination of three x non- 


as F=xa+ yb * z(ax b) as d, b and axb are non-coplanar and find x, y, aves given 





we can directly solve the givencondtions it would be more clear from some examples. 








pxb = axb 
> | (p-axb-0 
Hence, (7 - à) and pare re parallel 
=> r-à = tb E (i) 
and we know rc-0 


-. Taking dot product of (i) by ¢ we get 
P6-ü6 = (bi) 


0- aé = t(bzZ) | 
ac : 
or a E t -z (iD) 


‘ from (1) and (i) solution of F is given by 


F=a- (E). 
b.c 
















. Wecfor Algebrá ^. 


. 1: If à, b and @ are unit vectors, then | b |? +|b -2 |’ | à f does not exceed | 


| (34 | (b) 9 (c) 8 (d) 6 
. Ans. (b) 7 ni 
i Wehave — : 
| Ox|asbscf - Jap «Jb +12 l | 2|d-beb-G46-ü 
| = 34+2|4-b+5-24+6-4| 
So. @-b+b-G4+é-4 2-302. — 
Now, |à-b P «|b — c|*|c- al’ 


= 2(àp +|bP +EP -(a-b+a-e+5- à) <2 (3-+3/2)= 9, 
Hence (b) is the correct answer. 


2. Let @=2i+j- 2k and b =i +}. If € isa vector such that a-c =|¢|,|¢ 


=|¢|,|¢-a|= 242 and the angle 
es axb and č is 30°, then |(@xb)xé| = | 

1 
@ < 3 065 . (2 (d) 3 


y: Ans. di 





: ‘tiple rod us y sl ü = 


: 1 A dA A 
(a) ga j+2k) (b) «e *Jgck) 

X ^ 1 ^ AD A 
(c) Feet (d) "po Dist eM 


Ans. (d) 
| Vx -35-7j-k 
Now  [iyw]-u-Qi -7j-E) 
| = lij Bi —7 j — £| cos 0 (where 0 is the angle between Z and Vx w) 
59 cos 0 | 


— lose m 
Thus [i ¥ W] is maximum ifcosQ =1 ie. 070 or i = -== i - 77 —K) 


V59 


Hence (d) is the correct answer. 





: _ Vector, £aleudus an 


OB. [= =-2 then th length of thev vector r 204- -30B i is 

ORTE (9 xS 0X8 00 à e 

Ans. (d) i 
Let OA= ii +y,j and OB =x,i+y,j.Sincel= OA i =% and-2- OB-i =X). 






Moreover, y, =x,’ ? and y 7 x! 74, so OA=i +] and OB= E2j 44j. 
Hence, |204-30B| = |8/-10}| = lia = Ma 
Hence (d) is the correct answer. 
5. If 4, B, Cand as Urbes ncs AB-CD =k{| ADF +| BCP -| ACP -|BD P] 
then the value of kis - o 
@2 > (b) 1⁄3 (c) 1/2 (d) 1 
Ans. (c) " É E 
| Let A be the origin of reference and let the position vectors of B, C, D be b,é dos 
So, AB=b, CD =d-é, AD- d, BC 26 - b, AC =é and BD =d - b. 
The L.H.S. is equalto 5 -(d c). 


The R.H.Sis l 
Š mar sleep adag -|d-Bg ] =Md-d+é-€+b-b-26-b-2-2-d-d—b-b +2d5] 
5 : = 2k[b -(d - 2 
d tiene (c)is the correct answer. 


i e «Three non-coplanar vectors d, b and. c ate drawn from acommon initial point. The angle between 
te > plane passing through the terminal points of these vectors and the vector axb+bxé+é xà is 





@ none of these. 






= B Hence the angle between the plane sind heg given vectoris 1/2. 
$4 Hence (b)i is the correct answer. 


x Fa+b+c= pa ale) ae) avn mle even 2 and is 


Qo oF Oz. DE F 
Ans. "n 

ā+b+č =0 > Gt+b=-é > (üs b) (ü4b)-|cf! 

Thus |a +b +2|a||b|cos® -|c , where 0 isthe angle between d and 5. 


» 49-9-25 |] 
therefore cos = “335. P 
Pegs 
= K 


- Hence (c).is correct answer. 








& 


=7, then the angle between (z= a & (#48) 18 pil 


xg D. 
(à) ex) ^. (b) cos" EJ! (c) eL ES (à) none ofthese 


$8 Given that (x: d) Ga) -gand 


Ans(d - ^ — Ki 
(Xx-8) Gâ) =8 —.x-3. 
TG determine (x-4) we have | 
(X-à):(X- 4)- -941- 4- 6 


so that ` E- âj = IA and similarly i+] = J14 
Then (8-4) à) = Ji4 V6 cos 0 | 
8= /14 J6 cos 6 
cos = aa 
J21 


9. The vector (à 3b) is perpendicular to (7à - 55) and (à - 4b i is peser to (7à- 2b). 
The angle between à & b is: 


(a) 30° (b) 45° (c) 60° (d) none of these 
Ans. (c) 
Given (a 4 3b)- (74 5b) = -0 
2o > Te-15+16a-b =0 (1) 
— Also. (ã- 4b)-(7à-2b) = -0 
pu esp - 300-5 = =0 (2) 





6. X-cófhponerit. of à is twice its Y-component. f the magnitude of the vector is 2 and 
- itmakes an angle of 135° with z-axis then the vector is : 


(2) 243,45, -3 (b 246,46,-6 (©) 345. ds. cw (d) none of these 
^Ans(c) —— ' 





Let a = 2xi xj  zk 
fx = = 542 
Z |^] 
Also, cos 13 5° = ea ge ae 
2a 7 49x tz ao 2 
> z=-5 
then x= 5, 


The required vector a = 245i 5j 5j- sk 


11. If |@-b| = |@x b|, then the angle between z & 5 is: | 2 
(a) 0° (b) 180° |^. (o 135° (d) 45° 





Vector Caleubas — 





Ans. (0), (d) Pa ae 7 pe e on 


We have | Ja«b| = - ax b ii iy | ME 

5 ja ibl cos 0 = la ibl sin 9 . 

= cos 0 - sin 0. 2.0745 135° | 
n. If the non zero vectors a & b are perpendicular to each other then the solution of the equation, : 

F x a=b is: ' 


@ F= xd + (xb) (rex rb -pip (x5) 


a. 
() F=x(ax B | .. (d) noneof iee 
Ans. (a) i 
Since à 4, b and F x à are non coplanar 
F = xat yb +z(āxb) EE 5s 
For some scalars x, y, Z 
Now b = Fx a n 
; b NT. i 
= x(üxa)* y(b xa) +2{(axb)x ay 
T. N = 0+ y(b xà) z((a-à)b - (à-b)à) 
Poo nx 0 Beybxajezüab E db-0) 
£ * Compiting the coefficients, weget — | ; I eee 
m X = y=Oandz= GB. 


Me the values of yandz in (x we get 





 Ams(a) ` 





© Wehave ax (bx 8) = E 


m ma 
á.G-—|b-ia.bt-——lc-0 
=| j 5) 
dia aeto Sando =O 
2 2 
M 1 Ee ei : 
@.b=-—= - (7 à, b, 6 are non coplanar 
. NI 3 ( p ) 
Let the angle between à & b be 0 then’ 





14. Let à a& b are two vectors aa angle with each other, then unit vectors along bisector of 


— 

MQ 
ato t 
7o O> 
— 


> 








"Ca RB is: | l 
= ———— 
(a), LY 
Solution” 
l NowinA ABC 


R> 
+ 
o 
oN 
—Á 
N ^j 
S. Rz 
[77] 
D 
— 
t2 
R> 
+ 





Pr BD = ak, DC- m DS DEI EE EUN 
00 BOs (eb) : dace we E | 

^ | i (BCP = (ABY.+ (AC ~2ABAC 005 8 TEMP LE. 
wm pe a+ b- 2abcosQ ` ` ee 


rs 

j-.. 075 

€ Shu ae nig dja! d. ae 2abcos0 | 
VES rs 








- 
4 
E: 


2 Ves AT 






D d ‘(tk ee 3 (2) Y 
uc. ^ 4a 242 cos? d 8 


(a + by. 
i 2ab cos $ 

` (a+b) 
(ab + ba) 









. AD «x 
j (a+b) 
ab (à b 2 2 A : 
m pr X. i k 





l (a +b)la b 
2 a quw D ure Ls 
MCN CN ae 


TEE TS 
~ AD 2 cos5 









2. Find values of x & yi re which the vectors 
a= (*2)i -(- yirtk 
- -b=(x-1)i + (2x +y)j +2 kare parallel. 
Solution. 
aandb are parallelif - 
E l x42 y-x I 


tN SER NOTRE AE KOAR AISE SE SSCS TR i Me 


xe-Sy--20 
| 3. Pg= i+2j+ 3k and b - 2i 447 j- 5k represent two idiacent sides ofa parallelogram, find unit 
jg: vectors parallel to the diagonals ofthe parallelogram. 
f Solution: 
"oet ABCD be a parallelogram Sich that AB = à and BC = P: 


Nie MS AC. | 
ibas E et 


"— 
*X 
1 
bo 
x 
+ 
SS 
bo 






















Le (PE - CE 


Unit vector along AC = ci => l aî +6j- 2k) 


al 





and, unit vector along À BD US 42j- sk) 


4, ABCDE i isa pentagon. Prove that the resultant of the forces B. AÈ, BC, DC, ED pe 46i is 


3 AC. 
Solution. 


Let R be the resultant ie 7 
R= TB + AE + B + DC + ED + AC. 














(2 4C + AC + AC 


= Vi 5 
.=3 AC. Hence proved. Figure 1.18 


E ABCD is a parallelogram. If L, M be the middle point of BC and CD, Pres AL and A M. in terms 





of AP and AD AD, also show that AL AM = 5 ACS 
Solution. 


Let the position vectors of points B and D be — b and à referred to A as origin of reference. 


Tem ——— A6-4D4DC-4D*48 [+ DC=AB) 
=d+b © AB=b, AD=d 
i.e. position vector of C referred to A is d*b ` l L 
AL = E of L, the mid point of BC. | ý : 
== [px of D px.ofC] E M 
"er 
=—(b+d+b)= AB* — AD A D 
. 2 2 i . Figure 1.19 
ixl. oe ee eee ee 
l | AM = = | +d+5|= AD +5 AB 
Á -E uccc cu laus gio des 
7. AL+ AM =b+>d+d+>b 
BO ; 
OLEE 





and tae = MB d Dcus E AN B 
Also let K be a point oe such that AK : AC=.1.:3 
Figure 1.20 
Or, |  AK- 3 AC | 
ET ak -iged) EU (i) 
Again E being ve mid ‘sit of AB, we have 
I 
-—4d 
AE > 


| Let Mbe the point on DE such that DM: ME=2:1 
qu. DAE bs 
l+2 4 i 





- From (i) and (ii) we find that 





EAT ERSTE Nd TIO TRC SN YE RITIENE 





NOTH RE IN I EUN; 4 
NM 
2 x 


IK =+ (ā+ 5)= AM, 


and so we conclude that k and M coincide. i.e. DE trisect AC and is trisected by AC. Hence proved: , 


7. Find the value of p for which the vectors @=.31+2j+9k and b er + pj +3k are 


G) perpendicular 00) parallel 
Solution. . $ : 


A àlb 2 āb=0 > Bi+27+9Â). È+ pj+3k) = 

. => 3+ 2p+27= 0 => p=-15 

(ii) We know thatthe vectors 3 = ai +a, j j - ak and b = bi +b, p+ bk are parallel iff 
á-Ab e (ai +a,j+ak)= À (bi b, j - bk) e a = Ab, a, = Ab, a, = Ab, 


A Od eo. 
— = — = — (=) 
b b, bí 

So, vectors à = 3i 412j49k and b = i pj +3k are parallel iff 

as A xe 

L-—-— > 3=— = p=2/3 

1 p 3 


8. Ifatb +e =0,|a)=3,|6 = 5 and |é| =7, find the angle between a and b. 
Solution. : 
We have, 2 c= n 


9. Find the values of x ii which the angle between tbe: vectors à -2x!Í 44x j + i and 


beh -2j*xk is obtuse. 
Solution. 


The angle @ between vectors a and b is given by 


_ ab 
FRE GI 
Now, 8 isobtuse = cos@ <0 
d 
^ 0 quB l 
=  d.b «0 [ [alb |» 0] 


=> l4x-8x*x«0 





ec a oe 
= Denes: 


. Hence, the angle between theg given vectors is PM ifx xe Q0 2) 
10. Disthe mid point ofthe side BC of a triangle ABC, show that AB? AC 2 an * a). 





Solution. 

We have ; 

| AB = AD + DB 

ly AB? = (AD+DBY 
| 2 AD 4 DB* 2AD.DB EO 

. Also we have cies oh d Figure 1.21 
| AC = AD + DC 
— AC = (4D + DC s l 
m = AD? + DC + 24D . DC i) 


Adding (1) and (ii), we get 
AB? + AC 24D! + 2BD' +2 AD . (DB + DC) 
.= {DA + DBY, for DB + DC = =0 
, MH. If@=i+j+kandb - 21 - 3 E, then find | 
AE Pa i © Component of b along a. 


Fa os (D Component of b penpedici to alonga. 
Solition. 
DN 


Y a b lon A 





| 22 | (0m fae) gy 
t © ‘Component of b perpetuo along à is b- zil- "3 Qi -7j + si) 
rA d a é 





` 12. Find a vector of. magnitude 9, which is paces to both the vectors 4i + Hj 4 3k and 2j * J= Dh. 
Solution. l 


Let d= a "jaa B= -21+ j- 2k. Then, 
i J: k l : eA Ped 
dxb-|4 -1 3|-Q-3i-C8*6j* 4 -2& =-î+2j+2k 








| 5 eque vector =9 MW 5 oo - (-i + 2+ 2h) _3} nee + 6E 
: Pei x : 


13.. dic Bas Showin dnb IEEE) i. : jus 


+ Solution. ^ * 
` We have, ax (bc) +h x x +4) ex (G+5) - 
-üxbtüxétbxésbxásOxásOxb - [Using distribàtive law] 
-üxbeüxesbxi-üxb-üxs-bxG [v dxbe-bxaen] ` 
14. For any vector, prove that | axi f *Jaxjf taxi = 21a BE io 
Solution. 
Let SE 
Thn ^  àxi-(aiaj*ak)*i a diues 
- a (Exi) t a, (jxi) +a, (kxi) =~a,k+a,i 
=> Jáxif aja? 
axj= (ai +a,j + ak) *j = ak - aji 
pom o 0 lax jh ee tay 
ft Big. daea te. 
CO Vad P+ a FP [ake 
e "E x ^ta)? ta? +a? +a; 
RAT 600. 92(aba?) tal) 22 |a 


15. Let OA , OB =10a+ 2b a OC = b where Ois origin. Let P denote thea area of the 


^x uadrila 













i 





|OBx(OC - -04) 


n 
2 
l 
2 
1 
2 : 
] 
2 
1 
72 


i 


tH 


(108 + 26) x x (b - à) 


i} 


1065-183) 26s Ex 


M 


as |110(ēxb)- 040 2(xB)] p XC d) 

aia q= = Area of the parallelogram with OA and OC as adjacent sides ` l 
| = |OAxOC|=|axb| - a wd). 

From (i) and (ii), we getp= 6q. E 





ET Find the volume of a E E whose sides a are egiven by -3i +7} j + 5k, -5f +7] j- -3k xd 
75j- EE. 
Solution. 


Let à- 3i 47] «5k, B --si ej 5k and ë= 71 5j- ET 


—— P——————— à 
herd A 
rea ie 4 
aug 

WA 

"m 


We know that the volume ofa parallelopiped whose three adjacent ed gesar are à à, b,č is | [a „b , é ] | . 


2. EE. | 
Now  [ábz]-|-5 7 -3 -.3 C21-15)-7 (15 +21) +5 Q5 -49) 
VN SES. 


= 108 - 252 - 120 = -264 
So, required volume of the parallelopiped = | (a, b, c] \=|~ 264 j= =264 cubic units 


17. Simplify [a-b b-& č-ā] 


Solution. 
We have : 
[ü-bb-22-a] ((à- Di- é)} . @- aye [by def] 
= (àxb-áxé-bxb«bxc) . (6-à) [by dist. law] 
E = (àxbeéxáebxc) . (6 -à) [since 5x5 - 0] 
x | 207 = (@xb).6 - (àxb).à + (Exà).& — (Exà).à + (bxé).6 - (bxé).à | 
Á l : LS ` [by dist. law] 


Jud sd 
Jy 





Hence volume = 


19. Showthatthe vectors G@=-214+4j-2k, b = 4i -2j -2kand 6» 2i -2j + 4k are coplanar. 


Solution. 





-2 4 -2 
The vectors are coplanar since [45 0] =|. 4 -2 a} =9 
022 4| 
20. For any vectord, prove that x xi) + jx (a j)+ kx @xie) = 
Solution. == * 
Let a= ai +a,j+ak. 
` Then, ix(Gxi)+ jx (ax j) kx (xk) 
= ((.Dà-.a)) + (G. Jà- G.a + «E. ba - (E .a)yt) 
os ((à- G3) (à- G. a) j} + (G-(k.@)k} 
= 3a- {(i. à)ji «(j. a)j+(k. ak 
= 3a- - (ai +a,j+a,k) 







= 3a-a=2a 
21. Prove that Gx {bx(éxd)} = (b. dY(àx&) - (b:2) (xd) 
Solution. 
; We have, 
5 ax {b x(éxd)} = áx((b. d)c- (b. c) d) 
d | | -áx((b.d)é)-àx((b.c) d) | [by dist. law] 
E | Sa = (b.d)(àxc)- (b.c) (axd) 


22. Let à7ai*2j- 3k, b = i. + 2oj - 2k and Z = 2i - oj + k. Find the value(s) of a, if any, 


. * such that ((axb)x (bx zjx «(c xà) 0. Find the vector product when a 7 0. 
solution 









: -(b. aag [a 5 kir 0 
na. Ag (b. €) à leads to the equation 2 o? +10a+12= 0023-642 ‘and 6 a - 6=0, 
.. which do not have a common solution. 


© |a bc|-o 
a 2 -3 j 
=> |i 2a -2 =0>30=2>0=7 
2 -a 1 





whena=0, T b é |= 10,4. a. b= =6, b.c= OAT VERDE ROUEN -60 (2 +k). - 


ET " xb+ā 
23. If A+B = ,4.d =] and AxB7 b ne that 4 US and 





Fiala Sis aie DNI IEEE T 












| ise eco B 





Solution 3 do. 
Given Ap l ie | ; " (1) 
> a@.(A+B) = à.à. 
= G.A+a.B = d.d 
> g 1+ à.B «Jap | 
> adala = © (Given 4xB=b) 
5 āx(4xB)= āxb l | 
—  (à.B) A-(a.A) B=äxb | Pa 
> (\aP-l) A-B=axb - | [using equation (2)] 
Solving equation (1) and (5), simultaneously, v we get 
i dxbsà . _ bxata(lal’ -1) 

laf lap 


24. Solve for 7, the simultaneous equations F x b - xb, 7 . å = 0 provided. ais not perpendicular to n 
Solution. ] T 


(F-c) x b = =0 > d b are collinear ` 





; resnulpe th thee given equation vectorial by a a. 


Gx(¥xa)+ k(àxà)-áxb 


=> (4:4) %—-(G.%) G+ K(axX) -áxb WEE (ii) | 
Premultiply (3 scalarly by à 
[ax a]*k(a.x)- à.b | 
— k(à.)-à.b : | (ii) 


Substituting x x from (i) and à. ¥ from (iii) in (ii) we get 


fas = isa Era 


.0-t 





anda’, D, C be the reciprocal system of vectors, prove that 
() M RET Gi) Gx +b xb. +x =0. 







ain Te ns usen. sats 
LLL LL YOO Cali 


‘Solution? °°: fecal signer a qe vis (tipa, LY SOR 





"uH 





soc (i yet a= -4 (b xy 2 =A oe and 5 C= A ro where à a 


l D 2 UTE Max(bxa)}= UG. pi- G. ba 
bxb'= eae A(bx(exa))sA(b.a)e-(b.c)a) - 
éxd =é 





and , éxA(axb)= Mix(xB) - AK b)a- Hes E 

axa 4bxb4ixc i 

= A (à.c)b -(à.b) ej  A(b.a)e- (b. 2a A. Da- -G. à)b) 

= A[(a.2) b- (a.b) e 4 (b.a)é -(b.c)as (é.b)à-(6.a)b] 
: j = À((a.2)b - (a.b) &« (a.0)é -(b.2) 4+ (b.e) a-(G.2) 6] 
i T4070... | we 
i5 9 25 EXERCISE 1 (SUBJECTIVE 

i Express: 

^ © The vectors BC CA and AE in terms ofthe vectors OA, OB and OC 
| (i) The-vectors OA, OB and in terms of the vectors OC, OB and OC. 


j( Ais) BC e OC-OB, Ch=04-OC, AB - OB - O4 

Fi ee Given a regular hexagon ABCDEF with centre O, show that 
« 0 OB - OA = OC — QD 

Va OD + OA = 2 OB + OF 


cai i ES j ER i POS T 4g" 





6. The position vectors of the points 4,.B,.C, D are Lek. isj, si«2j- -3k,. i-r aa 
i "respectively. Show that the lines AB and CD are parallel and find the ratio of their lengths. nA 
Ans. 1:2 
T The vertices P, Q m Sofatriangle POS have position vectors P E j and $ respectively. | 
() Find m, the position vector of M,themid-pointofPQ,intermsofpandg. ^ ^ "n 
Gi) Find f ;theposition vector of Ton SM such that ST: TM= 2: 1; in terms of p; q ànd s. 
(ui) Ifthe parallelogram PORS is now completed. Express ; , the position vector of the point] Rin. 
terms of p, q and s Et 


.. Provethat P, Tand R are collinear. toxa) (8. 8) HAxB) xh} xB jad evo 3 
MN QM. ey eee E eee 
Ans. m = > (pt+q), ERIS (p*q*s), — dc 

















8 D, EF are the mid-points of the sides BC, CA, AB respectively ofa manele Show FE = =1/2 BC " 


-  andthat the sum of the vectors AD , BE, CF iszero. 
. 9. The median AD ofa triangle ABC is bisected at E and BE is du d to meet the side ACi in F; ` 
show that AF = 1/3 AC and EF = 1/4 BF. . 
10. Point L, uL M, Ndi N divide the sides BC, CA; AB of AABC in the ratios 1 : 4,3 :2,3 : 7 respectively. Prove 
that AL + BM + CN is á vector parallel to CK, When K divides AB inthe ratio 1 : 3. 
6 b 
11. If aand b are unit vectors and 0 is angle between them, prove that tan = = E = E T 
12. Find the values of x and y is the vectors a= 3i +xj- -k and b= =2f+ j+ yk are mutually 
perpendicular vectors of equal magnitude. 


3 . 4l 
Ans. x=- =, y 
ANS x pw 12 


13. Let à = x55 +2j-2k, b= j-j+k and 6 =x? € 5] - 4k be three vectors. Find the values of x 
for which the angle between a and d is acute and the angle between b and is obtuse. 





Ans. (3,2) u (2,3) 


14. The points O, A, B, C, D, are such that OA=@, , OB = b, OC =2a+3d, b, OD= at 2b. Given 
that the length of OA is three times the length of OB showthat BD and AC are perpendicular. 
15. ABCD isa tetrahedron and G is the centroid of the base BCD. 
Prove that AB? + AC? + AD? = GB? + GC? + GD? + 3GA? 
16. Ifpandg are unit vectors forming an angle of 307 find the area of the parallelogram having à a= pt+2q 
: and = D QUIM 
Ans. 3/4 sq. units ; 
Hn Show that ((à + b EE «(à -by.a- 2[à b c]. | 
. 18. Prove that cu notog to Du qus containing the three points whose position vectors are @ a,b,é lies 





e opipe is sae point 4 A ü,- 1 1) inthe rectangular cartesian go ordinate. if 
three adjacent vertices are at BC, 0,2), CQ, 2,3) and D(4, 2, 1), then find the volume of the 
parallelopiped. 


. Ans. 72 


2. Find the value of m such that the vectors 2i - sis + E, i42j- -3k and 3i + mj +5k are coplanar. 
Ans.- 4 


23. Show that the vector a, b, c , are coplanar ifand only if b - c , 6 4 +b are coplanar. 
24. Prove that ax(b xé)+b x(c x) +6 x(Gxb) = 0. 
25. res the unit Tu coplanar with 7 + j + 2k sal i+2j+ kand perpendicular toitj+ k. 


Ans, RC FBO k) 


26. Prove that aix{ax(Gxb)} = (a.a) (bxa). 







K Vector: Cateutus 





] 
27. Given that x TES 





; (P. "ys Gs Sowa z: del gend find Fintemnsof f an and.g. . 





riw] 


28. If x.a=0,x.b= Oand x y.s 0 for some non- -zero vectors, then show that [a bc]-0 
(F a) (b xc) - (F.b)(exà) i (F .2) (@xb) 


: hater = - 
29. Prove thater ian” [abe] Tabe] 


where a, b, C are three Hop epplanas vectors. 





More than One Choice may be Correct 
1. Let @=aitajt ak, b= bi +b, j +b,k, C=c,i x c, j * c,k be three non-zero vectors such that 
C is a unit vector perpendicular to both the vectors à and b . Ifthe angle between à and $ is s 
ai a a3 : 
then b b b kanai 










E eq 0€) a3 
: (a) 0 | (b) ze! +a? +43) (62 +82 b) 
is ()1 - (d) “(a2 +a, +a; ) (b? +b,’ th, 3) (e +e? +e) 
254 
F 2. The € of vectors of unit length perpendicularto Vebtos a — (1, 1,0) and 5 - (0,1, 1) is 
{£ (a) one -(b) ‘two | "^ (c) three (d) infinite 


3. Let à = 2i -j + k, p-it 2 J ~kand C=it j — 2k be three vectors. A vector in the plane of b 
A. ándc č whose projection ondis of magnitude [is 
| 3 


TE a 0) Hess © 2i-j«sÉ — (à) dit jesE | 
se pk: are linearly, spend vectors and: JE 2 [p.N3 8 










6). ar P + KO gs ps " d a= a Bet 
V, W. which ofthe following expressions is not equal to anyofthe remaining 


() (Oxia © $9) ORD 
:6. Which of the following expressions are meaningful ? ; 
(a) ü.(Vxw) (b) (y).w © (Gw. (d) ux(V.w) 
7. Leta andb be two non-collinear unit vectors. If jj = à — (à.b)b and = dx b, then| V | is 


(a) jz] |. (b) ilegal © (ilelab (d Àeü(aeb) 





| Only one Choice is correct 

1. The scalar 4.(B +C)x(4+B+C) S 
a0 | (b [48 C]+[BC 4] 
(b [48 C] (d) noneofthese 


2. For non-zero vectors à, 5, &, | (xb) |-| à | P || e | holds ifandonly if ` 








A 











; (a): be b2.=0 s TO Jes 0,8 a=0: de ae 
() @4=0,ab=0 | n @) àb-b.é-c.d- 0. 
3. The volume of the parallelepiped whose sides 2 are given by rns 
| OA= hae 2j, OB=i+ j- Sf, OC= RL hig 


EP n AE m 2 T | ! il Meter 





(à b).p (b 4 C). * (6 à). isequal to | | "Ros 

(a 0 (b) 1 | .02 (d) 3 

. Let a, b, c be distinct nonnegative numbers. if vectors ai + aj tok, i+ k and ci + cj j+bk lieina 
plane, then cis : 
(a) the AM ofaandb (b) the GM ofaand b ©) the HM ofa and b (d) equal to zero 

T. Leta a= i=}, b= j= -k,é c= =] -If d isaunit vector such that 4d =0= be c 4), then d equals 


E i+j- ~2k i 


8. If a, E € are non coplanar unit vectors such that à ax @ x e) zs E —=(b + €). then the angle between 
-j odi 


nN 


pu k HL 


















EO 0 (4) 25' 
0. B,C are three noi coplanar Vectors, then’ A BY C). [(A g B) x (A + Gj equals A 
: @ Oca 2 (b [ABC] _ ©. 2[ABC] - (à) [ABC] 

11. If p, d, F be three mutually perpendicular vectors of the same magnitude: Ifa vector x satisfies the 
aD dxp)*à M P)xq)rx(G- pq 0,then X iq 
© 5647-7) O IGA © GPS) @ F+- 

2254 j-2k and b =itj. Feier āç =|¢|,|e- ajs 25 2 and theangle 

ir «cis 30 then | (@xb)xé |=. Lo Ax | 

(b) 3/2 " ()2. l (3 

13. letá = n + Gtk, b-i«2j I : ang Tum vector e C aa Ifc iE a, then c er 









(a (-j+k (5. (i. T do © (+97) . (d) —=(- j- ~k) 
EU OF T z“ 
14. Ifthe vectors à, b, c c form the:sides DC, CA and AB téspectively of a triangle ABG;then 









Vector Caleuhis A 





=.. 15, Lethe vectors à, b, č and d besuch that (4x5) x (6x) =0. Let P, and P ie planes decidit 
: by the pairs of vectors @, b er C 5 respectively. Then angle between P, and ^" is: 
> 3 
(Qo. | 001 © 5 @ > 
16. Ifa, b, c are unit coplanar vectors, then the me. Eo [23-b 2b-6 22 ~aj= 
(a) 0 - ®t () -J3 (d VB 
17. Let a=i-k, b -xbej (ey and E= yi 4 xj +(l4x-y)k. Then [4,b,é] depends on 
(a) onlyx : (b) onlyy (c) Neitherx Nory (d) bothxandy .. 
18. If à, b, c are unit vectors, then |à -b P +|b -c f 4|c -af doesNOT exceed 
(Q4 - | (99 (c) 8 (d) 6 


19. If à and b are two unit vectors such that d+ 2b and 5á — 4b are E to each other then 
the angle between and b is 


(a) 45? (b) 60° (c) cos" B | (d) cos" (2) 


20. Let 9 2214 j- k and w= i+3k If i isaunit vector, then the maximum value of the scalar triple 
product [u v w]is l 

od (a). -1 = (€ AE . (9 ri @ i 

(Ux 2h The valueof* a’ so thatthe volume of parallelopiped formed by i + aj + k, jt ak and ai +k becomes 


* (a) -3. 







G3 /. (9 143 @ a 
j+h), 6.5 = Land xb = =j- k, „then bis | 
; (c) i 


the vector 3/+2j + 6k and: 






















VECTOR VALUED FUNCTION 





A vector valued icio of areal variable is a rule that associates a vector f(t) with a real number 
t where f belongs to some subset D or R! called domain of f. We write va D — R’ to denote f isa 
mapping of D into R^. For example : fot «e j +k isa vector valued function in R, defined for all 


real numbers /. We would write f : RR. At t= 1, the value of functions is the vector i + j + k which 
in cartesian coordinates has the terminal point (1, 1, 1). 


pi A vector valued function of real variable can be written in component forma: as 
i. " fO = AO + HOI + AOR 
Ó ^ . Orintheform l 
"uw fo - to. ft), AO) 


* Real valued functions f (1). f, 0; fj ^(f) are called the component functions of f. The first form is often 


. used Nus Ke that f (i) is a vector and the second form is useful when considering just the 
Aion] po ats of ddp By identifying vectors hos their 












i ^ i, Thevector función f (i) = 0. t sing, T defines ahelix is in 
i ns thfedditnensional space. As the value offi t increases the terminal 
points of F(A) trace out a curve spiralling upward. | 
‘Domain of vector valued function is the intersection of 
domains of individual function f (t), Ft), £(). It is set of real x7 
values of t for which all the functions f (D). f, (f) f. (t) are defined. Figure 2.1 
1. Find the domain of vector valued function 


f(t) = 1j csinij + In(9- t ni 
t+2 





Solutióùn: 
The vector valued function is dehiedas as 


f(t) = 1525 ini] 4 OSE Nk 
t4200 


ft—-2.., 
=| ——,sin¢,In(9-t). 
l e ( | 







2 Vector Ci aleulus: 


To find im doma of Js we have to find ey the domain of each conponestfnadon. 
t-2 -2. l ; 
f(07 742 
f (dis defined fo fp rali real values of t except t= ED 
So, domain of (r) is R- (727. AE 


AO = sin f ` 
sint is défined for all real values oft. 
. Domain off(r) is R. 


f() = In 9 - J i 
In (9-P)is defined n 2: f -0 


=> t- 
R B ou de» l peo 
| ee 


So, domain of f(f) is -3 <! «3. 
. Now, domain of vector function f isintersection of domains of f 0. fO), fn). 








Lol Figure 2.2 3 
. Domain of j () i is given by 
7 3-3,-2[U]231 
/ _ 2. Find the domain of vector n S 












f 


for nir Am 


‘tod 
-. . To find th ; apu of vector function j (t), we have to look i into the value of t Ür which all the l 


Pamina i71 ist 120. 


' So, the intersection ofall the individual domains is the domai of 7 On 


Hence, the domain of f) is 









: 2 "e f(t) be a vector r valued function. Let a be real number and ¢ bea vector. Then we e that the 


limit of ^ (£) as t approches 4 equals c C, written as 


lim f() = I (| Pilo- al=0 


foe 


if c FW = (0. £0, £(0) 
then lim f (0 = lin (4), lim f,(9), lim im /,()) 


ta 














PS 


Vector Valued Function - x S AS eL. . erty, E 





` provided that al the lunio onthe right sides exist. 


Similarly, the continuity and the derivative of vector valued functions can also be definedi in terms ofits - 
component fonctions. 





Tet f (t) = -(f (D. f, (0, f (D) b a vector valued function and let à be a real number in its domain. 


Then f (t) is continuous at aif lim f (£) = f (a). Equivalently, f (t) is continuous ata ifandonly iff (f), 


f (t) and f(t) are continuous at a. 





pdt f (s ( f (D f (f). f, yt eae aie un | zz 


| x let a be a real nurhber in its domain. Then the derivative of 


fo at a, denoted by fa) is the limit of 


f (a) = ig f 10-10) if the limit exists. Equivalently 


f Tem x f (a, T4 ' (a). f,' (a)) if the component derivatives 
exists. We say that f(t) is differentiable ataif f' (a) exists. 





Figure 2.3 
"Te derivative ofa a red valued function ofa single variable * 


H derivative ofa vector vilued function’ isa tangent vector to the curve in space which ancien represents 
. andit! ee on ue tangens liné ofthe curve. 








Is ^o x A PN E id TEN] 


E T Itt 





e We khowthat if f(7) f. (0i ^ f, (0j LOK 
Jim f(0) = lim (OF + lim f (0j + lim HOOK 
| p TON" 


= dta +lim m——k 
(130 f ray + lim 1+t 


[d 
l+t+—+—+- 


2 2B l 

; :-] gts K 
2k 3b ^ ) z Met 21) Pe Dies ox 
> il 4 lim 2——————————T— — j 


= lim +3k 
10 t s. P wisst) 
i Bop 

- lim| 1+4+— ++- |i 4lim 43k 
130 21 :3t. "aei 


E S mE 
it—j43k- 
"E 








^. Vector Calculus 


4. Find the limit of given vector function 


e 


a 


(a) lim (0 for 7) = 4- nie Jii tj- (2d 


sin? s i414 Inf» 


(b) im tyr jo T J tak 
















$ CET C 0 
| Solution. | . 
: () - — lim/() = lim (4- 0f «lim I2 (j- lim cos TE 
: E l " n I> I> i> 
| = 0/47 - 0f 
| nedi 
. S sints , 1414 , Int? 
| - 0 
: 2923:44^ me f 
ü inf : 
! i C» - - S i (since sin fis bounded) 
B . ź+l i Izlt 1 
q lim —— = ~ 
] m» 304-4 a 3-4/ 3 
A | 1 
E Int’ 2 | | 
lim- E lim y (Using L' Hospital Rule) 
= lide 
quer 
dim f() 2 


l (Algebra of liis of Vector F unctión) 


g(t) are vector functions ofa a scalar variable t, then 





E jo att) = [rim jo] eei] 
(8) limi FOxeO) - tin Fn] [tim aco] - 


. Proof: | 
@ Let f 7 f(0i « 0j + f OE 
. and EO = 2 (i + g,(0j +g (OK 
J(05 (0 = AO £07 OK) + (e (Di + g, (07 + g, (0) 
= (A+ g (i «G0 2,07 C5 (0 ek 
We know that 


lim f) = lim fi +lim fj^ lim LOK 
So, lim( FA +80) = lim (AOE gO *lim (FL E 2,007 + lim KO a, (0E 
















v Vector Valued Function . 


"(iftos £ o «(im 00: tlimg, oy (im 0: +lim ing (E j 
(By Algebra oflimit of scalar function) 
| 9 dim mea) F lim f (OF «£03 + fo) (e, *£(0J *g (DK) | 
270 0 * o0 elim(ft)g()* f (805,080). 
E l = imf OLOM Lg O+limhOgO 
= lim 2 (t) lim g () lim fI lim g (t) *. lim n f (£) lim g(t) 
. (By Algebra ofl limit of scalar function) 
[lim (0i +lim inj «li n / OR). [lim gf lim e, (07 lim (OR) | 
lim AOAO * AOK). lim (8 (ni t8 0j «g, (Of) 
lim Í (t). lim gl) 


i j é 
G) — f()xgt)- AO AO LO 
| &() £0 gO 


d * : : TOD (0i *((02(0- fn 20)J 









AERE | | * (00/0 HO VE 
1 P 7 lim jox (= lim C (8g, (0- ROO Es ae i 
> MOD = (li f,(0-lim g,()-lim f,(0): iy 
S ; imf Jim AO lim f, (0| = lim FO lime) 








df 


If f (t) isa vector function ofa scalar variable t, then p? is also in general a vector function of t if 
; a Scalar A | 


DDR IRE df 


is differentiable, then its derivative is denoted by ud and is called the second derivative of $ 


df df 


similarly, the derivative of p Is denoted by T andis called the third derivative of f and so on. 
; p^ | ; 





Theorem: If {= fi wi. + - (0) J+ f (Dk, where f (t), ft), f (i) are derivable function ofa scalar, 
then 

d d LET 

dt "d "a Ud 









A Vector Cale 
; | Proof: By definition E p | ES E 
| df pp EAD- O 
dt m A. 

MU * (ej AUAN- iwi noi 108 
NN (AL 

ho 40); +p AA LO). safest] 

9X O At 


lin 


4-0 





Thsorenn If A, B and C are differentiable vector functions ofa scalar t and is a differentiable scalar | 
function of the same variable ¢ then 


p „dÀ -dB 
SABE 
a — - ds ? ao an. 
A T 20) da dB dArs 
b —(A-B) = A-—+—. 
S a |. d dt 
d - s -~ dB dÀ = 
Kc) uc x B) = Ax 7 t x 
d- då db 
= = þġ—+— A 
E ) hg" F | 
Eas is T Ha j ? B E 
i d t 


Al ' 
a 
f 

A 


4 BATA 
B = Bi+B,j+ Bk 


i d- = do an,n 2 ^" pt pe 
(a) ep E mic LE ri t B,j* B,k)] 
- 2 id: £B)j*(4, pue 
Ta tB) “(as HB) “(A +B,)k 
EG 2. e dB, 3 (n dB, iy 
Zak j+ +—> Ík 
dí dt dt d dt; 
Ai ; eae 4 jg dB, 4, dB, » 
^k [s —i+— j+ I, 
dt^ 4 dt. dt ` dt 


ai. dB 


d dt . 























Vector Valued Function Ce | ; d cite. 
E UE 
E AE “AB + A,B, + A,B,} ` 
"D AB) AB) 2 4) 





" di 

14 da) (beta) (ody 
“dt di dt: dt 

= (A 





E Bs Ba dA, T he) 
{Ge dt dt dt 
dB, ~ dB, +) - 
i + A, j+ A p pnplI—E 
i ha tape a dt j . 
MEET sd]. (BÍ * B,j + Bik) 
d dt’. d 
_ 7. 2,4 5 
dí dt 
J k 
p (c) P cen! A, A, 
f T IP M | 
"i e qu ort 
B AA Ajd d, dA 
"dB dB dM |d d | 
A |d di. dii iB. B, | B, 
2 i it a d ud s i d X 
^h (9 uu ee, 





-Zai j+ “(Ak 
[et eap tena 


dt dt dt dt 
dA, ; NA 4. dA, 
-ois E — j FUE 
NC NE 
2. dt 


(e) qe C= LAB) 


«Oye Bx0) O sigo) 


oH 
mg 


ELA CoE) dis (555 igo] 





Vector Calculus - 








$. 
0 uix dixo = xix 3 x O Using (©) 
a, 


dB - dC 
dt 


boast 


2th a ead d. ial Bx dC 
dt e, dt . at 


OLVED. EXAMPLES 


1. If F(t) = 2147 + ej - ACE, find Z att 0. 





Solution. 

F(t) = 2b e j- Pk 

/ : dr og e j - 8i 
dt aa 


^ E 37 


0, 
2 ia dt 


"aa b =a 4 cost ] 4 fk. Evaluate : 


$^ à dr T 
Zy 





dF. 


ae 


ex EN 


7(t)-= sinti 4 cost j+tk 

















d$ 





2s costi —sin? j 4-k : 

dt 

^p i PUA i x ^ 

— = pS COS yids 
j 


2- cos! t sin? t1 2 42 
2 
r ; . 

ETIE Asin? (4 cos? ( =1 


3. If F =acosti + asin{j + bik, prove that 








n 
Ed 
E 
t 
5 


12 qz 2 "es i yn | 
© eae Q faa se GH) Gxt) aia" +6 
























Vector Valued Function ` 





Solution. l ^ 





r(t) = acost i c asint j 4 br k | 


dr ee ke UR 
— = -asint i x acost j+bk 
dt E 2 
i m ar A f i 
— = -acosti—asint j 
dt 
dir . i ^ 
—, = asint1—acosi 7 
dt 
E js p -asint acost b 
rdrdry ; 
——~—,|=|-acost -asint 0|=a°b 
{dt d dr doe A 
asin! —acost 0 
(i) dra dor m 
E —asinti  acostj + bk) -(-asinti + acosij +bk) 
=@ si t ^a! cos t * p! 
-q-2z1p 
5o 0j i 
"4 di) —-— řxř —-|-asint acost b 
fo p x l ` . Facosí -asint 0| 
4 rd dn TX oF $ 7 $ , k 7 E 
à _= absinti —abcos (j +a’k 
s : (xP) = (Fx?) x?) 











“ag where d,b, are constant. 
Solution. - 





= Gcosatt+bsinat 


— = -adsinat+abcosat 


— = -a’acosat—a’bsinas 


-aF 


. od r TE "E - 
Fx— = (acosat +b sin a/)x (-aäāsin at +ab cosa) 


dt 
= aüxbcos! at -ab xäsin’ at 


a(āxb)cos? ot +a(axb)sin? a . (since, axb =-bxa) | 


a(āxb) 


ti 







E Vector Calculus 


"a ; 2 
5. Find the first and second derivative of |r = a PA 


Solution. 2 ; aè i 
aper) [per porem) as 
dt at di dt dt d? | | - d? dt’ dt dt’ 

| | dr dd’? | | 
.dr dr dt dt d? | . 
> a7 ET ro 
" dt 


Pf adr) apad 
. d dt dt’ "d "a di 
| [arae ae) | drar] [a aF 
E pe EM FR SUR dd 
dt dt db de de dt dr‘ 
| dai -d d'F 
d? dt Uu det 
"E It. s, ag TA 
d dt € dt. dt | 
^, Solution. *. Riu 
d E Win. gh 


o —(Gxb) = Ree es 
P d ur dt dt dt 


= Gx(Wxb)+ (wx) xb 
= (ab)w- (a3) + (wb) a ~ abya f 
= Gba-(sayh | 






igis seis -Pad B sint - -cosĝ, jiad dx) 


Solution 
- We have 


i oj k 
AxB=|5P . t -P 
sint -cost 0 | 
= -P costi -P sint j - (5 cost tsinr) k 
Hence, geo = -83° cost - £^ sin) i - (37 sint+f cost) - 


^ 


—(10¢ cost- 5r rrna 


8.- Show that a vector function f (t) hasa constant magnitude ifand only if f. £. 0 








` Vector Valued Function — ics 4 Wed e 7 UM D i do 240. 4) 





Solution. The magnitude of. f (i) is denoted by | (í ) 
If magnitude of f (t) : Fol is constant 








> p- wc [FO] = constant 
. : DaS DA 
> l | f o) = constant 
| > - f(t).f (t) =constant 
! l . Taking derivative on both sides 
joo 200 =o 
MEM R df ; 
DE u rude 0 
l f dt dt J= 
- df 
2f.— =0 
> f di 
- df 
> — 
dt 1 
Now, let us prove its converse 
ie ae 
. 1Idiízz. 
A -—| f.f) =0 
E dp 
E ae 
= | yf = constant 
^ - Vis constant. "ES a 


‘So, a vector or funtion f (f) ias: a constant t maghitude if and Saly if J: - -0 


Kj “Show that a necessary and sufficient condition fora vector for f (0 to uk constant disini is 


df 





fes o 
Solution. . fQ = OOF (0) 
Where 6(t) denotes the magnitude of f(t) and F P isa unit vector in the direction of. f (t) 
d d A, dF : 
Pt iud ge FS 
4 do + 
fx = oF x [ae F+o— ej 
- a p xf qf oF 
` dt D 
= Px (Fx F =0) 






x 
i 
& 
; 














Vector Calc... 


Condition i isnecessary BI E 


Suppose that the direction of f is constant, then F is a constant vector. 
l dF 
: So, di = 
. Conditionis sufficient. 
; d 
Let f 77 -0 


If f = oF liess Ê is aunit vector. 


Then Fa sg reduced to px uo 
dt dt 


Since, Ê has constant magnitude 


So, ES UNE 
di . 

E Since, Rud RM 0 
dt. dt 


Hence, T- = 0 ie. F isaconstant vector 
1 
Hence, the direction of f remains the same 


10. Find a ‘unit tangent vector to any point on the curve x7acoswt, y-asin wt, bt when a,b,w are 
i ^ constant i 
Solution. 
Any peu onthe curve is given by dis vector 
r= ARA a Tt 





a 
dt 





jaw sini m ^w cos? wt4- b! 


: = Jaw +b 
The unit tangent vector is given by 
dr.ldt — -awsinwti + awcos wtj- bk 


lard Jew p 


zs ^ i a fo. ve ; à i = dr A 
11. If r =cosnti+sinnt j , where nis a constant and t varies, show that F x 278 nk 
t 











Solution. 


F = cosnti &sinnti 
"dr : a 2: ^ 
, — = -nsinnti + ncosnt j. 
dt . . a 
i j k 
.d | E DE. 
pe =| cosnt sinnt Of=nk 
t 


|-nsinnt ncosnt 0 











Vector Valued Function 








12. If r isthe position-vector ofa moving point and ris the magnitude of 7 ,showthat. 


- a de 
"d di 
d jd 
Interpret the 7.— and rx — =0 
i E 2 dt i dt 


. Solution. 
Te Pot fn moving point is described by vector F F 
7 = re, 


' where ê, isa unit vector in the direction ofr - 





dr dr; de, 
do di ' d 
So peg e 2) 
' dt "dt^ .di 
dr... dé, 
= r— ê, ê, +r e.—- 
dt 


d , ^ 

=r a (Since, e, isa vector of constant magnitude, So, ê, E =0) 
t 

D -0. implies Z lies un to F 


5 R 


FX 


ES 


= 0 implies a lies parallel tor 


Since, both are Holding together, but : cannot be perpendicular as well as parallel to 7 
fs f l l t . 


ES 4. 


ethat | Tab 








“Solution. v 


r isaunit vector (constant sonido) 


So, Pd 


dt 
Hence, Z is perpendicular to F | 
1 


gx dr cedri nres Eke 
dt l 


e 


n 














A s i ` l . . pen dr 
where e, is unit vector normal to plane containing 7 & x 
: t 









So, 





mata SR 
FX = |— ` s 
dt dt |. ; 












14. If r seize -i j showta Fetal. 
ID ee dt 
Solution sU. ioa 
E 1 
PNE. 3 . 
dr ; : 
: P = sei (se 3] j 
Pj d 
ol = P op xd. "Q0. 
: dt E: 
| a? 6n. 0 
: -(s'3-e 
if : np NA dF 
c. 15. HE re" ase "b. when à and b are constant vectors, show that qr =0 
B a im oe . : : oi 
‘Solution. 1 
D & = e"G4 e"b 2 
ne"à -ne "b 
me" ners i 
i 


a? 42. 26 
L +wF = —coswt 
dt" w 
where a,b,c are constant vectorandwis a constant scalar. 
Solution. | l 
PE -> e. 
r = asinwt * bcoswt +— sin wt 
w 
a -o. e s ct 
; — = awcos wt — bwsin wf +— sin wt + — cos wf 
dt w we 
dr so... F Ce C BEN 
L =_4w’ sin wt — bw’ cos wt +—cos wt 4-—cos wt — čt sin wt 


dt’ w w . 


< Vector Càlcitus 




















B Vector Valued Function. 


dt’ l 
F d'r dr 
17. Show that r = de" be is the solution ofthe differential equation PONE (n + iri -mnr =0 
t t 
d 
Henc? solve Ert =0 where 7 =i and — - j fort= 0 
d) d. dt , 
Solution. 
7 = de" + be" 
dr 
n = e" 4 nbe" 
: Dm i 
CE M mae™ + pibe" 
dr 
d dr NEMPE l = on, pt = T nN = 
Fa (m+ CH mnr = mãe" 4 p be" — (m * n) (mae"  nbe") * mn(ae" be") = 0 
putting m=2,n=1 | 
2s " 
F = Ge” + be" is solution of ues ML 2r =0 
dt dt 


© 


i) 





Ko + L t C -e')j 


38. GR bec aunit Vector i in the ioman of 7 F „prove that Rx aR = L; x gr where r z|r | 


dt r dt 
Solution. 


The vector F can be written as 


PR 
d dr» aR 
= = —R+r—. 
dí dt dt 
. dr ^ MEA a AR 
rx— =r. Kt 
‘at dt - dt 










Vector Calenus 


| s dR i1. 
Hence, Rx$— = —rx— 
i dr ir | 
19. Show that if a,b, € are constant vectors, then F = at? + bt T isthe path ofa particle moving with 
constant acceleration. UU 
Solution. The position of particle is described by . 


7 = at +bt+e 


ET 


Velocity, y = — = 2£à 4 b 
dem 3 


; . dF du. c 
The acceleration of particle — = —- = 2a 
d dt 
- Hence, the particle is moving with a constant acceleration. 
20. A particle moves the curve x = 4cost, y= 4sin f, z = 67. Find the velocity and acceleration at time 
t - and r= %. Find also the magnitudes of the velocity and acceleration at any time t. 


, Solution. Let 7 is the ae vector of the particle at time í 








" l =xi+yj- tzk 
£ ` 7 = 4costi + 4sint j  6rk 
Velocity of particle is given by y p= -2 =~4sinti+4cost j+ bk uc 


The acçel ration of xd is given oe 






ie d 


Magnitude of acceleration 





a=|a| = J16cos’r+16sin’ r= 4 
Atr=0, 0 -4j«6k 
ā= -4i 
T = ` 
Atr==, y =-4i+6k 
2 
gud 


21. A particle moves along the curve x= b+1,y=P,z= 2+ 5 where tis the time. Find the component 
of its velocity and acceleration at f=1 in the direction 7 i+ I + x. 
Solution. Let 7 | be the position vector of point (x, y, z).on the curve along which particle is moving. 


Pxityeézk-(ren8jeQuesyk 



















Vector Valued Function : 
Velocity, v. = ae 377 +29 +2k S 
dt 
Acceleration ü-—-6li*2j 


Attine1-l y=3 +2j+2k 


Unit vector in direction of f + j + 3k 
T i+ j+3k 
Vi 

The component of velocity in direction of fi is given by 

= (i «2j 425) C443) 

| "a 
MENT 
Sm 

The component of acceleration in dires of n is given by 


d. 


> 
I! 
~ 
ON 
——» 
ER 
t2 
— 


22. À particle moves so o that i it position vector is given by F =coswti+sin wt js when w is a constant 
s show that & 


| (a) ‘The velocity v 5 of iè particle is perpendicular to F - 


9. The acceleration a is directed towards the origin and has magnitude proportional tothe distance | 
1 from the origin 






x yc "a £onstentvector. 





The sion ect of patil is given oy 


" i -F = coswti *sinwt j 
id Velocity of particle 
zou 
dt 
= —wsinwti + wcos wt j 
Fy = (coswt i+sin wt j).(—wsin wt i+ wcoswt j) 
Since, 7.¥ =0, So; velocity y is perpendicular to 7 
(b) Acceleration à of the particle is given by 
. dv 
a= PNE --w cos wei w? sin wt j 


= -wF : 
Hence, the acceleration à à is directed towards the origin and has magnitude prsnorional to the 


.. distance from the origin.. 


E 







' Vector. Cate fius 








jo Ble R 
() Fx7= coswt  .sinwt 0 
A —wsinwtí wcoswt O0 


= wk 
So, Fxy z constant vector . 






SIM 





Show that <Fx@) = AxFx6) 


| 2. If F, G m ü are differentiable vector function of scalar variable, then — that 
a AZ dG dH 
4 L (R(GxH JEG Bn Hie. eh 
Q <EGxA) 2 xH)- (£5. J l 3 


®© Z (ËxGxÄ) = Fatty Fo| Saas eos 
^ 3. if i (t) and g(¢) aretwo derivable function of f, then provethat | 
df(t) . 
“Fw. #0) = OT AO ^ ) 30 
aj Í, &h e are mon function oft, prove om 


di-y d A 2 dh 
aul 72 A 


h o Sor thec curve x= 2r y= zr A, z= 3t -5 where ris the time. > Find the components 


















tion at = ine dia) ^f. ^ Ans. eU t -k) «i 


article moves along the curve ; 
X 2P, y=P- 42243 5-5 
Where? i is time. Find the components of the velocity and acceleration at time f= Yin the direction - 


2i «2j 4k. | RC D (Ans. 24) 


. A particle moves along a curve whose parametric-equations are x = e", y 2cos 31, z = 2sin3t, 


where t is the time. 
() Determine its velocity andaccelerationatítime. ~ 


Ans. (i) V = ~e 'j ~ 6sin34 + 6cos3tk, a=e {7 -18c0834 - 18sin S 
(ü) Findthe magnitude ofthe velocity and acceleration at t= 0 Ans. ¥=-i+6k, ü-i-18j j 
8. If ä=singî+cos0 f+ 0k , b =cosdi -sin0j - 3k and ë 2 21 +3} -3k , find 


EE. m 
(faga) at 6-77, i E AUS 6i -15j «9k 
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Suppose f (x) is a function of single variable x. What does the derivative £ signify? The answer is 


X 
d 


that the derivative P" tells us how the function f(x) varies when the independent variable x changes. If 


df 


En is positive, it means the function f(x) increases with increase in x and decreases with decrease in x as 


shown in Figure 3.1 (a). If - is negative, then the function decreases with increase in x & vice versa as 
: x 


shown in Figure 3.1 (b) - 






x— ` . X —— 


(a) (b) 


Fi igure 3.l 

For the function plotted in F igure 3.1 (a), is positive for every points & for the function plotted in 

Figure 3.1(5), H is negative at every point E | | 

The magnitude of 4 defines the magnitude of variation 
an 


The magnitude of —— at A is less than that of d at B. 
dx ; dx 


Geometrically, £ at any point measures the slope of tangent to the 


curve at that point. 





Figure 3.2 


ieni, Divergence and Curl 





Now, let us discuss the Son cep of derivative forthe icu oftwo variables. 
"let z=f(x,y)isa function of two variable x &y 

Nowa derivative is supposed to tell us how fast the function varies, if we move a little distince inthe 
domain. The domain of f (x. y) i is part ofxy p or whole xy 
‘plane. 
For MET if z=x +y =f(x,y) 

The domäin of f(x, y) is whole xy plane 

The situation now is complicated because one can 
move in several direction since the domain is two 
dimensional unlike the previous case where the domain 
was part of x axis or whole x axis. 

Here we are interested in finding how does f varies 
ifwe move a little distance in the domain. . 


Y asd LEE" 
guru arm p^ | | Figure 3.3 
The differential » denotes "e change in function f when we move a distance dr such that change in 





xvalueisdxandyvalueisdy. — 
Actually, we are moving in dr direction such that 








dr = dxi* dyj 
P,"  So,changeinfas we moves by distance dr 


Th the domain Pus - two variable, dr can n have infinite possibilities since, there are infinite 


difectiohs along which one can move. 
If we moves along a curve Cin the domain such that 


/ c di d $0 







de. o. ENT i 
.— Is the unit vector in the direction of tangent to the curve C. 
TM ER ES UNE 
So, the derivative off in the direction of dt is given by 


dí |0f:;, 0f - 
z.(. d ae 


So, i. iscalled directional derivative j 
> faunas 


Vf =i x T a is called gradient of function f 
Ox ^ Oy l a 




































| Gradient, Divergence and Curl 


If à is aunit vector in the direction along which we want to find the variation of f. 


df F 
fa= th —_= 

v â =i, then di = vri “Fe 

. of. 

So, partial derivative Ao denotes the rate eof change in f as one moves along the x axis or parallel to 
x axis. á 

df OF, 
If a= j, then—=V 
3 a v) (y | 
So, partial derivative F ae denotes the rate of change in fas one moves along y axis or parallel to y 


axis. —. 
‘So, partial derivatives are a special kinds of directional derivative. 
' Let us interpret the partial derivative geometrically, 


when we find f or nd . We keep y = constant. 
ôx Ox 
y= constant geometrically represents a plane parallel to x axis. 



































Figure 3.4 
So,z- x! * y! & y=cis together satisfied by the points which lie on the curve of intersection C of 
. paraboloid z= x? + y? and plane y = c as shown in Figure 3.4. 


The curve C represents the variation in f (x, y) as one moves along line L in the domain of f(x, y) i.e. 
xy-plane. ‘ 


aeu 





2- df 





means Ji is the slope of tangent to the curve of intersection of the surface 
x 


|v=const 
z= em. and y - c. 


Of df 


Similarly 5-77; of 


means — is the slope of tangent to the curve of intersection of the surface 


x zconst 





z=f (x, y) and x 7 c. 





So, if one want to find how f varies as one moves in the direction of à in domain of function. 





Vector Calculus 





Figure 3.5 
Let us draw a plane containing vector à and perpendicular to x y plane. The curve of intersection C 
of this plane and the z= f (x, y) denotes the variation of fas one moves along the direction specified by â. 
The directional derivative denotes the slope of tangent to the curve of intersection C. 


ria | Mathematically, i in general, the directional derivative can be found by Vf -å where à is the unit 
* „vector in the direction along which we want to find the directional derivative: Variation of z in different 
^ direction can also be studied through level curves. , 
|. The family of level curves is described by the equation. 
eX, f (x, y) = c where cis arbitrary constant 
You put value of c, you will get different member of the family. 
.. Suppose / £- fo y)» x *y'isa ‘paraboloid. | 
N qie variatio po z can be studied ni drawing family: of level curves given byf (x, y-c ie. Cy =e 







. Figure 3.6 — 


Each level curve denoted the set of points in domain ie. xy plane for which the value of "n (x, y)is 
constant. 






























X 

















nd . 


Qe T 


eq 
ia, gan be died by the pain of level surfaces ene by 
fy zc 


‘given by 


. Gradient, Divergence and Curl — 





For the given functions f (x. y)=x'+y’, the family oflevel curves is the family of circles x* + y =¢ 
as shown in Figure T, .T,.T,.0,,.....are the curves which represents set of points for which the value 
ofz is equal to 1, 2, 3, 4,....c. l l 


The girectional derivative off in direction defined bya å iş 


Vf-à =| Vf |cos8 

The directional derivative along the level curve ie. in 
direction of tangent to level curve is zero.as z is constant on. 
level curve. 

So, if @ isa unit vector along tangent is level curve 

Vf-a=0 

It means Vf is perpenciculat to the tangent to the level 
curve f(x, y) = c. ; 

Also, Vf -à =| Vf |cosQ is maximum if @ = Q which 
means the directional derivative is maximum inthe direction 
of Vf 

So, the properties oi gradient vf can be summerised as 

.(a) The directional derivative off inthe direction described 





Figure 3.7 


by unit vector d is equal to Vf -å 
(b) The gradientlies in the direction normal to the ete curve. 
(c) The gradient Vf lies in the direction in which the directional derivative is maximum. 
The coricept of directional derivative and gradient can be extended to function of three variables. 
For the function of three variables, the domain of z 
function f(x, y, z)isa region inthree dimensional space. 
y Fór. example fx. yz =x + ue —zis. function of 
three E ble | 







f(x, y, zx +y -z= denotes family of 

paraboloids. 
zte=rt+y 
where c is arbitrary constants. 
` The level surfaces denotes set of points in domain Figure 3.8 

which is a region in three dimensional space or whole 
RP for which f(x, y, z) is constant. - . 

The directional derivative of falong the direction of unit vector à = Vf - à. 

Since, f is constant on the level surface, sO. directional derivative in the direction tangential to level 


the direcion derivativeat any point on the level surface inthe diréction 4 lying in the tangent plane at that 
point is zero. 
Vf + a= 0 
So, vf at any ponto on the level surface lies normal to the tangent plane at that point. 







2 Vector. Cülcites 


Also, the directional derivative vf. â is maximum in the direction d along Vf. So, the gin Vf lies 

in the direction in which the directional derivative is maximum. 
The above discussion on directional derivativé can be summarised as fo Hows: 

Definition: Let f(x. y, z) define a scalar field in a region R and let P be any point in this region. Suppose 

Qisa point in this gion. Inthe neighbourhood of P inthe direction ofa given unit vectorå. 


Then lim JO) mee (P) if it exists, is called the directional derivative of fat P in the direction of à. | 
Theorem 1: The directional derivative of scalar field f at a point P Gi y, z) in the direction of unit vector 
ais givenby — 3 

df i 200m 

ds 
Theorem 2: If 7 be a unit vector normal to the level surface f (x, y, Z) =c at a point P(x, y, z) and n be 


the distance of P from some fixed point A in the direction of 7 so that Sn represents element of normal at P 


E 
E 
k 
E 
H 
£ 


in the direction of 7 then grad f -Li 
n 


Theorem 3: Grad fis vector in the direction of which the maximum value of directional derivative of f ie. 


af 


—— occurs. 
ds 





7 Definition: Let f(x, y, z) be defined and differentiable acah point (x, Y, Z) ina certain region of space. 
/ Then the gradient of f, written asVf or grad f is defined as 





Da 


-XiziYila 


-| i2\re(DiZ |e 


= VftVg 
Theorem 2. The necessary & sufficient condition for a scalar point function to be constant is that Vf = 0 
Proof. Iffx,y, z) isa constant 






Hence, the condition is necessary 
i Conversely, if Vf = 0 


thn -Z-T 
: Ox Oy Oz : 
: S, wpe 1,9 2,9 pg 
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pe L 29 7 
x Oy a i 
So, of Of Of 
© & Oy az 


f is independent of x, y, z 
* f isa constant. Hence, condition is sufficient 
— Theorem 3. Iffand gare two scalar point functions, then 
grad (fg) = fgrad g + g grad f 


or V(fg)-fVg*tgVf | 
Proof: V=}, i2 (fg) 
| " 98 p 
= tears 
20 eK! 
= Li Zep iF 
= {Vetevf 


Theorem 4. Iffand gare two point functions then 


off) ie 


g g 


PA E , i V Jd EN | x 
| ae 2 : HA 








et us find equation of the tangent plane and normal to the surface f(x, y, z) = c. 
Let O be the origin. Let is the position vector . 
of point P on surface at which tengent plane is drawn. 
Let Q be the arbitrary point on the tangent plane 
Let R is position vector of point Q, R -F isa 
vector lying ina tangent plane. 
. Let # bea normal to the surface at point P and 
hence normal to tangent plane. 
nis parallel to Vf at point P l 
So; (R-rP)As0 . | : 
Or, (R— r)- Vf = 0 (Equation of tangent in vector form) 





Figure 3.9 





"Vector Catt.n.: 





Let dz xi 4 yj + 2k 
R=Xi+ ý +Zk 
So, in cartesian form, equation of tangent Sisi is given as 


kx- x)i«(Y-yj«Z- 5t) (Zi Eie 


Oz 


of 0 iz 5 
(X- 32 Poms Els E 0 





TEDD TG TE TILT eR EE TZ RPE I 





Léi 0 he aa origin, let 7 F is isthe Dodo vector of point Ponthe surface at which nan is drawn. Let 
O bethe arbitrary point on the normal. 
(R —7) isa vector lying on the normal and hence parallel to 5. 
So (R-F)xa=0 
or = (R-F)x Vf =0° 
 Incartesianform,Let R= Xi +Ý + Zk 
F=xi+yj+ zk 
F (R-F)xVf=0 
P (X > X-x Y-y Z-zl=0 
Se £X ¥ i 
d odd 3.10 


à ty & 


"MC Y of OF Vs (itl Bre ae 
do (z- ay. (e- aga TEL DE-U-»T 


^ SU uu ud IN" ` öf of eo 
bola 9 -(a-22 ay ES (a- «c »x 


c» 

















: a - epe E m 
1. IfAz x) zi 2x2 J + xz! k, B= 2zi + yJ -x k, then value of a; Ax Bhatt 0,-2)isequalt 
Ox "EC 


(a) 0 (9 -4-8S ^ Od- (à) -4i-4j 
Ans. (b) l g : : . 
- dun Jeu 
AxB = xy -xr xz i 
at : 2z y ax? 
t 


. 7 (22 xz)i + (2x2 + xyz) j + (pz + 4xz') È 
5 (xB) =-y2 f+ xzj+ 2xyzk 












OSEN l a os 
diy (Ax B) =-27i + 4xzJ + Axyzk 
Á | So, at (1, 0,-2), = Sdn): = -4i-8] 
r4 i] 2. If fx, " z)-3x) yz a grad fat the point (1, 2, ~1) is equal to 
di "Qe -Di-9j-16k . (b -ei-4j-2R — (p i-2j-4 —— @ 0 
E è Ans. (a) v Sea 
Lr. ae eg i yz 
M | : 2; Xu 
! r rf * E " d i | cue ipi + (332-3yz)) j-2yzk 
f | Zop 3e ‘The gradient off), Kao : ] E Ea 
BAR J Toc . € E AN 
S aol 009 res (©) 0 (à fex 
Ans, o l 
RM. 
vie) = Lis (FO) 
x 
Aly Ór 
- Ziro? 
D 
r 
fv: 
; 33x 
EPAU ) > 





4. Vf (r) xr isequalto 


(9 0 © OF @ 


xa 


jid. o cR 


Vf(r) = E F (as solved in previous question) 


| Vf(r)xr 20 





|^! 


600 O (^ 





| 

} 

| 
M 
Eno 


6. V logis equal to 
jy dw ~ xx () = (à) 0 


| { Ans: (b) 





P j Q i 
Vlogr = » i—logr 
gr=) a 
a lr 


= i —, = 


r ax. 


les 
= = ix FS À 
r Poo &s ne 


(b) nr ey A (c) nr ">F. M (d) (n-2)r ^^ F 





| ^w 


v 


Vr” = vise 


z n-l ôr 
= $i nr"! — 
Ox 
= nr"? Nix 
a a M . 
8. If a is constant vector & F = xi + pj + zk then grad (F : à) is equal to 
(a) a (b) 0 l (c) (a-r)r (d) 2a 
Ans. (a) : 
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f ir aiaa 
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EX) O 
2 | 





9. Let ib are constant vector and F = xi 7 yj j+ zk P [F à b] is equal to 
(a) 0 (b axb (c) bxa (d rx(axb) 
Ans. (b, 





grad[? a5] = LISLE Gx) 


= Li(Z axd] 
= J i(i (āxb)) 


=äxb 
10. If a isaconstant vector, $ is scalar field (a-V)dis equal to 
(a) a (b) a.Và (c) 0 (à 6 
Ans(b ` 
Let a= ai +a,j+a,k 
ð 
(dV = a4—t+a,—+4,— 
aVr4 oe” ay "x 
06 HL 
= ro 
| (à id a, qj a Sa 
de = a: 
11. If a is constant vector and? = xi + yj+zk (a: V)r is équal to . 
(a) a ^ (b) (GrP) (c) 3à (d 24 
. Ans.(a) dE 
fe MEE a= ai aj tak 
i | a ee 
x. oy xm 





PM zt 5 ^3 3 2 joie iae 











i : tas a 
12. The nito vector to the level surface x? + y? —z 74 at point (1, 1.-2)i is 
(a) lcg (b) 2d lp "(e en at (d) eee 
Bs Oo? c ee eg og 3 37 3 3 3 X 
Ans. (c) 
. Normal vector lies in direction of Vf 





a V 
So, s 
IVf] 
f-x +y -z 


(vf 2 2xi 2yj - 
At (1, 1, 2), | 
|o Vf -2i«2j-k 


gl 7 48-3 


MAREE ELTA eee a ; NERO SS 











Vector Calculus 7: 






. Vf asaj-é -Å 


So, . M caer 
- |Vf] j 
| -iBlj-eu | 
13. The directional derivative of f(x, y, z)= xyz + 4xz? at the point (1, 2 lin the direction of vector 
Ji- ES 2k is ? : ZEE 
n "E (B. ft dm 
2 d o. mc 03 ; dis 
Ans. (d) i 


Vf = Ge 42; + (22) 3 jteeyt $E 
At (1, 2, -1), Vf- 8i -j- - 10K 
So, directional derivative of fin direction of 2i - ] - 2k is equal to 
Wide Lgi —j-10k)-(2i - j-2k) 
A 
3 
14<The point P closest to origin on the plane 2x*ty-z-5-0is T 
15-7 55-5 5 5 -$ 51 =| 
pc b pu uut anum f purum d pu ME ZONA 
o (4.2.2) o (23.2) © GeT) o (324 
Ans. (c) : 


j Closest point will be foot of perpendicular from origin 
"s Cs ^ $-2rty-z-5- “0 






45. The Eik Tata surface is given by T=x°+y’—z. In which direction a mosquito at the point 
(4, 4, 2) on the surface will fly so that it cools fastest? 


(a) 8i48j-K (b) -81-8j+k (c) i-j+2k (d i«j-£ 
_ Ans. (b) : l 

T=r +y -z 

Direction of fastest cooling will lie in direction opposite to the direction of gradient i.e. -V T 
VT =2xi +2yj-k 
=8i+8j-k 

16. The scalar function f^ which corresponds to F - Vf 
^os xi+tyj+zk is 


Where _ fait yt 
E ety az 
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a) i yz 4c © ) ste 








w. HS facis. f= y- 280: 
FN, o Vfeyisg-t 





=-i h+xj-k 
LN i-2j+k 
| Ii v 
19. Let f i y)= In [x y and g(x, y) = 4x y- Then = value of V*( fg) at (1,0) 
@ — ®© 0 OF. e 
Ans. (b) 


feln(x+y)”, g2 xy 


fg-4xtylngx*y 


gale 
ved i)e 


^ (e) P +y +z 2B TC (9) xyz 





Ans. (a) 
EET +c 
5 vfat 
r 
17. One ofthe point at which the derivative of the function f(x, y) =x°— xy — y + y' vanishes along the E 
direction o is 
A M E "AE 
(a) Ero (b) ea (c o3 (d) EA 
24541 245 -1 m W341) 245 -1 
Ans. (b) l . y 
Vf «(2x- y)i -(x41-2y)j 
Directional derivative in direction given by 3 t 2 
| 48 | 
=—(2x~- y)—-—(x+1-2 
2 pedes d y) 
l 1-5  (-25) a 
x | E cL T E 
S UP ue 2 
4 It becomes: zero «(A il 
* 2A 1 
^ . 18. Whjéhpfthe ee is a unit normal vectorto the surface z =xy at P(2, - 1,- 1)? . 
E 1234 : d es ~i+2j+k 
-0 EE "E 9 AIF ©) -=p 46 


` w oe "ril e t) f (c) ii 


por TT ec 
=] : (d) EH E 





PEARSA ASIASI Sore o ec ee 












vs 


» Vfgz0 
20. The spheres i 


xy cz-landxt +y- v3) tz 4 intersectat an angle 


. (a) 0 (b) - 


(c) — 
Ans. (d) 


X+ 95 tz =] 
x y +z -245y -1 
They intersect at plane y=0 i 
(0, 0, 1)is one point ofi intersection which i is lying on the both sphere 
Let us find normal vector at this point and find angle between them 
Â, = xi + yj + zk 
. 0 xit(y- 43)j + zk 
2 2 | 
“008 O=f,.n, = ; at point (0, 0, b 
um gem 
ik Let 0, 0S0 € z bethe angle between the T 
ax-ytz= =0 and 2x— z=4 . 
. The value of 8 is . 





; ees : 


r-y+273 ms due 8 78s. 
294 m 


——— 


2x-z-4- 0 
b i Let us find angle between their normal 
E PN 
Vf 
cos Ó =ñ A, = 
É 1" 2 i5 
. 2i -k 
n, UU 
i-j+k 
> g g 0 =cos -L 


415 


— = —-— n 4 
| > (fe)= 3s XEY txty LESE. 


1 1 em 
P= (x4 3a E ee ee een Gr) 
ax? 1 » (x+y) (x 23) 2507 (x+y) 
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22 OE xp ye " 
Suppose the directional derivative of fin the diréction ofthe unit vector (u u,) atthe point (1,-1)is - 
1. Then among the following (u,, u) is 


1 
OO 090)» © (1,0) d) [+ =| 


Ans. (a) 
f= xy" + yx’ 
Vf e? ” +(x? +2xy)j 
At (1, -1) VE =-j- 
n= ui z j 
Directional derivative of fin direction of unit vector (u, ui is 
Vf n=l 
= sm E nM 
=-],u,=0 satisfies above equation 
-. 23. For what ae of a and b, the directional derivative of u(x, y, z) = ax? yz + bxy'z at 
(1, 1, l)along 7+ j-2k is J andalong i - j +2k is 346 ? 
(a) a=6,b=0 (b) a=0,b=6 (c) a=6,b=6 (d) a=-6,b=6 
Ans. (a) 
Nu = Qaxyz + by'z)i + (ax?z + 2bxyz) j «(ax! y + bxy’ Y 


The directional Senivanve ofu (x, y, z) along (i+ i- 2k) at (1, 1,1) 








~ eae EE. 
$ ` dosbi oia ob —(2a+b+a+2b-2a—2b 
& J wq e 
E! ; 
l LEN (Given) : 2 
Si atb-6 0 | | sti) 
wo The ectional derivative of in y, 2?) along (i- j+26 at 1,1) 


i-j+2k 


6 





= = (20. + by + es + 2b)j + (a +b)k)-+ 


z ya +b) = 346 Give) 


UE | | BE 
Solving (1) & (2) : 
a=6,b=0 


24. If f(x, y, jrs-yndy(L)=1 d D- [12 Eten i 
8) 2 z 


(a)’ xyz | (x (c) y (d) z 
Ans. (d) l 


isj- 





vL BENE 
8) . 8 | 
RE 


gx 
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Given vL) 
gj z Z 
On comparing g(x, y. z)=z EE 
25. The directioral derivative of f s y, z)2z5g al 0% — 1 dong Qi -j*2 k Jis 
@ t oF | oT o3 
Ans. (c) . . 
. Vf = —yze**" sin xyi - xzle'", sinxy j* 226°" f 
Unit vector along 2i - j +2k is givenby 
| ñ ->Q ~7+2k) 


Directional derivative along (2i—}+2k) 







i A Ag A HANS TART TEE SET eI AE CP ET NAM xD hd 
LENS ATTE AEGA EC ROT CEE PROTEST LIAO ET ] 


it —. mS 
1 = Vf -n=(-ve"ysinxyi — z'e**"xsinxy j +2ze k) a) 
s 
= ic 2z!ye9s'sin xy- xz2ecos sinxy + 4zes) 
/ At (oga) ; directional derivative 
f ` l : ap E 
HN. UP 
a X 3 : 
26. Let 7 = ud ty + zk. Then: V(F- V - r))i is equal to 





9 ji O) 47 () 5 (à = 
| d ws | 2 A 
Doc VEP = Pic +y +z )=2F 
: #-VGFF)= 277 = 2r? 
V(7-V(F-#)) =2V(r’) 
| AF 
27, IEF =xi+ yj+zk, then Vl equals 
(a) 4lr| (b al? F (c) 4lřl7 (d) 4lrl 
Ans. (b) 


virt) = V(r) 
70,4 
= Yj — 
| i = 4p 2X 
3 r 
= 4r°F 


28. Let T(x, y,2)= g+ 2z — x'Z! be the temperature at the point " y,2). The unit vector in the direction 
. inwhich the jupes decreases most SLODIGY at (1,0,—1) is 














IN eei 





- Gradient, Divergenceand Curl — 


"à 





: 1 ^ ae E u EE x T 
E ee 32503 s^ Şi 
ee IP 

© ri aU" de "d uit 


_ Ans. (b) 
" Temperature increases most rapidly in the direction of VT. 
VT «(y - ~ 2x2’ y + 2ayj + (2- -2x! z)k 
At a, 0,-1), VT --2i +4k 


^ 


^ Unitvectorin the direction. of VT cos +- k 


. So, temperature decreases most st rapidly inthe To of -VT. 


ps a Br 


. 29. The equation ofa surface of revolutionis ' 


| 353 9. 
z-ectl-x +> 
A s 2 2d 
The unit normal to the surface at the point 


lie T a is E 


Eu | 709). iek EI E 
M : vio" | dS 


DE g-L 2o $y) 

-F= y 2 =0 jw S 
| Unit normal tothe surface- ^^ > CE I. 
VF- 6xie6yj-Az | 
SNB 29x? +99 +42" 


n= 


3x1 +3 yj- 2zk 


ryd c 

















- — Vector Calculus. .: 





SOLVED EXAMPLES 


-LF ind the directional derivative of the function US = 
of line PQ where’ FOR the point (5,0, 4)... | EM 
| Solution. a at ! Su 
- Here, function? . fex- y 4 22 ; 
: Uf = 2xi -2yj +4zk 
At (1,2, x Nf -2i-4j4E - 
Now, vector PỌ = = position’ vector of Q-position vector of P 
-= (Si +4k)- (+27+3k) - 
P c bu -4i-2j4k. Ur 
: Unit vector in direction of PO. 





(SUBJ ECTIVE) 





- 4i-2j+k 4i-2jsf 
VJ16+4+1 — 421 


So, directional derivative of fi in the direction of a= Vf: a 









i 2 

= Qi-4j + 128) i-2) +6 
y 28 4 Ji 

= == -—X21 

j fi 3 

2. Whatis the greatest rate offi increase ofu = xyz’ at the Some: 0,3)? 
. Solütion. 
E u= “xyz? 


Vu = yz € xz! j 4 2xyzk l 





3. Find the diréctional derivativeof 
() 4x2 — 3x!yz? at (2, 1, 2) along z axis. 
(i) xyz4 4xz at (1, -2, 1) in the direction of 2i — j— 23 
Solution. 
(i) f= 4x2 — 3x2? 
Vf = (42) ~6xy’2")i - 6x! yz! j + (12x27 - 6x yz 
AtQ,-1,2, Vf » -16i 496 4 48k 
Along z axis, the directional derivative along z axis 
= Vf k= 48 
(i) | ^" ge xyz t 4xz? 
(Mf (2xyz +42" ux LIC y48zx)k 
At(1,—,1), Vf = j+ 6k. 
. Unit vector in the direction of 2 — }~2k 


ey "+22! atthe peior PC 2, D inthe direction P 





Gradient, Divergence and Curl 






DM T ~j-2k _2i- -i- LE 
a = IIL————— ——— 
da we c 
' Directional derivative in direction of 27 - j - 2k 
2j-j-2ER) 13. 


EVE dif a 


? 


4. Find the directional derivative of f(x, y)=xy’ = xy at the point (2, 1) in the directional ofa unit 


vector which makes an angle of 1/3 with x axis. 


Solution. ' 
f) e xy xy 
Vf = (2xy’ E Or 
At (2, 1), Vf = 5i +147 


Unit vector making an angle of 7/3 with x axis 


So, directional derivative of f in the direction of unit vector making angle of 5 with the x axis 


= am | 

x = (51+147)-| —i +} 

oe i 2 Ej 
56a s 


HEC DN 
P Fingthe constants a and b so that the surface ax^-byz =(a+2) x will be orthogonal to the surface 


^ 


] ‘Solution. E] 


; each other, 
i. The surface Si is given by 


E 
E AES 
k 


4x jg = 4at the point (1,-1, 2 





Fhe tw ! surface arp point P if thi? idle nomial to the surface are padeda to. 
'S,: ax?— byz - (a+ 2) x= 0 

Gradient of S, VS,= (2ax-(a+2))i~bz j-byk 

At(1,-1,2) — V$ -(a-2)i-2bj-bk —— 


Unit normal vector to S, 
WS 
^ [vs 
The surface S, is given by 


S,:4eytP=4 
Gradient of S,, VS, = 8xyi+4x°j+32°k 
At(1,-1,2) | VS, = 81+4j+12k 
l MP" VS, 
Normal to S,, f " = [VS]. 










: Vector Calculus 





Two surface 5, & S, are orthogonal 





So, 20 A4,-0 
VS, VS, | 
" | VS, IVS] ‘IVS, ^ 
| VS, VS, =0 
— ((a-2)i-2bj*bk)(-81 4 4j 412) = 
“=> -8(a-2)-8b412bz0- 
=> -8a +4b = -16 
Point (1, —1, 2) lies on S, 
So, " a+2b=a+2 
=> o b=1 
So,- m a- 2 
2 


6. Find the values of constant a, b & c so that the directional derivative of the function. 

f=axy + byz + cz’x at the point (1, 2,-1) has maximum magnitude 64 in the direction of parallel 
. to z—axis l . 
| Solution. 
| The function _ f= ae + byz + cz? 
i Vf = -Xizr- (ay! 4 3czx Err coy Ld! X 


į At (1, 2.-1) | Vf = (4a* 3c)i + (4a - -b)j j*Qb- 20k 
. i , The directional derivative of fis maximum along V f and it is given that maximum value of directional 


derivative; is along z axis. So, Vf is parallel to z axis. So, its x & y component should bez Zero. 


So | 4at+3c=0 => neue 





7. Find the directional derivative of f= xyz’ along x =e", y= 1 + 2sint, z =t- cost at. = 0 


Solution. 
The function 
f= xyr 
= Vf = ee deor 
For f=0,x=e'=1 
y=1+42sint=1 


l : $= (cost --]. 
So, at (1,1-1) vyf = is -jek 

















` Gradient, Divergence and Curl - 





The curve is desse bj vector 
r=e 1 (142sint)j *(t- cos 


a 


i cae T "md i 4 2cost ] 4 (14 sint) 
Atr=0 © Pede2j4E | 
Unit vector along tangent, 
~i+2j+k 


Directional derivative along the curve at r= 0 
=Vfi 


= 2f- J +438). 


8. If r and 7, are the vector joing the fixed point. A (x,. y, z) & B (x, y, z,) respectively to a variable 
point P(x, y, z) then find the values of grad (7.75) & (71 x E). | 

Solution. == 
The vector 


(5i 42] 4) 
6 


_AP =F, = position vector of P-position vector of 4 


wok | m A ‘= (xi yj * 2k) - (d + Aj tz) 


> (x-xi «(y- 3)]*G-zX 
BP-E-(x-x)b«(- »)] «G7 z 
` o k 
R PEL x> -X* YM 2-4} 
x-x, Y=), - Z| 
= [(y- )€-2)-(9-»)€-z)i 
| «[G73)-2)-G-x)G- 2) 
40-3)€-2)- 07 »)€ -z)k 
- [xa 7229205 -5)* Qu - 32) |? 
+z- x) x(z; ~Z,) + (zy; — 2% yf 
Hoy) +90) 7x) + Gs 7x9) JE 
nb -(x- s x)t(o- »)o- »)*tG-z)€-z) 
VRR) = Xi | 
= E. e 
= Xi[G-x)*6-2)] 
= Vi(x-x) +) i-a) 


=7+7, 











9, Find the equation of tangent plane and normal to the surface, 2x2- ~ 3xy f dije lat the point n 1 2 


Solution. 















Equation of the sibel is 
i f(x,y. Z) = jonas 
i ; 
t = eae 
| o V Xf | l 
= Qz -3y+4)i -3x }+4xzk 
At(1,1,2) yf = 9i- -3j48K 


The position vector of point Pis # =i + j + 2k 
Equation of tangent plane at point P is 
(R-7)- grad f=0 


iens so enda 
Ga Oa Ge a= 


=~ . 9x-1)-3(y— 1) + 8(z-2) =0 
9x-3y + 8z = 22 
Equation of normal to the surface at point (1,1,2) is 
ol yel 722 
] y ow 
"d so tT Dy d. 
i É ; x-liy-liz-2 
' 9 -3 8 


10. Findthe equation of the tangent plane and normal to the surface xyz —2 at the point (1,2 d 


. Solution. 
The equationof surface i is 






We been | 


=xi+ yj + zk be dc podio vector of an abity point (x, y ix on s tangent plane. 
n vector. of point of contact (1, 2, 1) 


| r= P+2j+k 
- Equation of tangent plane is 
(R-r)Vf =0 
of o Of ` 
5 x-D-4(y-2)12- 4 (z -D— =0 
( s (y ^» (z z 
> Xx-1)+(y-2)+2(z-1)=6. 
2x+y+2z=6 
Equation of normal to the surface at point (1,2,1) 
ee el du 
f Ff y 
Ox o - 
x-1 y-2 z-l 


Vector r Calculus s 


let R=xi+ y 4 zk isa position vector of any arbitrary point (x, m onthe tangent plane at point P. 








} 


Gradient, Divergence and Curl 


11. Give the curve x2+ yt2=lyxtytz=1 (intersection of two Seres) find the equation of the 
tangent line atthe point o 0 > 
Solution. 
Given is the curve of i intersection of two surfaces 
S =x +y +z = S, extytz- 1 
VS, = 2xi 42yj +2zk, VS,= i i+j+k 
At point (1,0,0) VS, = ab 


VS, =i+j+k 
The normal vector to surface 5, & S, are given by 
YS; 
! IVS, = 
i+j+k 





"Tangent to the curve of intersection will be perpendicular to both 7, & ñ, ie. it lies in the direction of 


(i +j+k 


n, X fi, ie. ix 
i 
a 


Sa, equation of tangent ue through (1,0,0) & parallel to vector -—— j + — kis 


ae 











[1 E M we 
(à T. Š y^ X 
] V3 
‘12. Find t angle ONUS the E xcTyrz- 9 and: z= x + poni at tie point e, —1, 2). 


E" | 
mE een two; surfaces at. apoint will: be ülo to the bue between their réspective normal at 





. -thé'point. So, let us find the unit normal vector to the surfaces at given point ie. (2,-1, 2) 
a: given surfaces are 
S exrtyr7=9 
$,2x'ty-z-3 


Their gradients are 
VS, = 2xi +2yj 22k 
VS, = 2xi +2 ye k 
At(2,-1,2) i 
VS, = 4i - 2j 4k 
VS, = 4i -2j-k 
Theunit normal vectors to the surface S, & S, at point (2,-1, 2) are 





^ | VS, 4i-2j+4k _ 2. la 2a 

n, ET = —i-~j+—k 
{VS EN 3. 3 3 

" Vs, 2 4i — 41—27-k ERG Oe ee NE. 
IVS] 43. X429 X2 X 


gutem 





Vector Calculus 






Tf @is the angle between two vectors 


ten  . AÀ = LÂ, ||, |cos8. 
=> cos = a ae ae 
B 8 321 3421 3421 
ais. | 
* 0. XA 
WE NE: 
So, 8 = cos xh 


13. If F & faretwo point function, show that the components ofthe former tangential and normal tothe 
Vf x(FxVf) - ENI 


level surface f = 0 are 











NI y vo 
Solution. l 
Unit normal vector to the surface f = 0 f 63 
0 n 
d a Vf . 
| Vfl j 
| : Magnitude of component of F normal to the surface f= 0 is 
. V 
Fà =F. f 
] IVf] 
Component of F normal to the surface f= 0 
Vf \V 
(F. AW = G f Nee f 
AVE IVE 
| | (ENON 
‘ (Vf 


d Component of F tangential to surface f=0 


= Ë -normal component of F 


p- EOY, 


— 





: vf x(F xVf ) 
(vf) 








Find the unit normal to the surface z = 32+ y at the point (-1, —2, 5). 

2. Find the unit normal to the surface x'-3xyz + z?+ 1=0 at the point (1,1,1). 

3. Find the directional derivative of $ (x. y; z) = xyz + Axz? at the point (1, —2, 1) in the direction ; 
2i- ] 52K; 

4. Find the directional directive of the function f —xy- yz+ zx in the direction ofthe vector 2i + 37+ 6k 
at the point (3,1,2). 


5. Find the maximum values of directional derivatives of  =x°yz at the poti (1,4, 1). 


6. Find the equations of the tangent plane and normal to the surface xX? + y? + z? = 9 at the point 
(2, 2, 1). 




















7. Find the equation of tangent plane and normal to the surface z= x?y' at the point (2, 1, 5). 
8. Find the values of constants a, b and c such that the maximum value of directional derivative of ` 
f =axy’ + byz + cz! at (1, 1, 1) is in direction parallel to y axis and has magnitude 6. - 
9, In what direction from the point (-1, 1, 1) is the directional derivative of f= xyz’ a maximum? 
Compute its magnitude. . 
10. Find a unit normal to the surface xy? 2xz= 4 at the point Q, -2, 3). 
11. In what direction from the point (1,3, 2) is the directional derivative of $-2xz-y'a maximum? What 
isthe magnitude of maximum ? 
12. Find the direction derivative of $= 4xz 3x2 yzat Q, -], 2j inthe direction of 2i - 3j j+ 6k. 


4e +y 242? | 


13. Prove that the directional derivative of the scalar function $ (x, y, z) = (à? +y ^ z)e- 
vanishes at the origin (0,0,0) in the direction of normal to the surface 6 (x, y, z) = constant 





: l ^ ^ ^ Si ^ ^. oT 
1. ——Qis4jek) 2. —-3j-k) 3. -13⁄3 4. 45/] 
Ai J J ) A1 . J ) 3/9 
l Iah i 376 
5, 9 10. zÍ +2j+2k) 1. 2/14 12. 7 
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Mu Vector Calculus 





Definition : Let f isany given i differeniahle vector point fünction. Then divergence of f is written as 


V- f or div fi is defined as 
div] =V-f = Getij 
x Oz 


Note: div f isa scalar quantity. So, diver gence of vector point functioni is a scalar point function. 


Theorem 1.1f f = ff + Í, jt hk isa differentiable vector point function then V - f = As zs +d, 
X \ 
Proof: V. isdefinedas á 


n ee 
V.f =v; 
o Ox 
ee SO S ^ 
X Beds Ei 
x Oy Z 
em X Ox. 
à EN 9 of 
gx ae oy EC E 





Solenoidal Vector: A vector fi is said to be solenoidal if V: J 


For example: Gauss Law of electrostatics indifferential form is written as V . £ =<. 
€ 


It meansif V Eis positive. at some point P, then there exist source of electrostatic field i.e. positive 


charge and field will be diverging from that point. 
If V  £ is negative at some point P, then there exist sink of dai field i.e. negative chargeand _ 


field will be converging to that point. Theconceptofdivergence is also applied i in fluid dynamics. 





Figure 3.11 
























































` said to possess acurl. 





Definition: Let Fis any difiseniab leer point function. Then the curl of f wiittenasv x f is defined as 


eil f =Vxf = Mutatio 
. Z 


Ox ` Oy 
2 aa Laka 
ox Oz 


a Q 
- Yi 2 
Note: curl fi is a vector quantity. Thus the curl ofa vector point for function is a vector point function. 


Theorem. If f; + Í, j+ fki is a differentiable vector point function then 


curl f = 2- 2 (A-2) A 
Oy & Oz Ox ox oy 


Proof: Let F= fitfj+fk 
t "TEES 
curl f = 24x 
: BET os Of, . Of.» 


Ox «x 


eie = g 2 Hs 
|95 af, Ly (t8. MCA af EA 
y E Oz Ox d Oz 2 


curl f canalso be written as 






j j k 

2 0 0 ð 
curl f = x ó ES 
Je. xeu 


Irrotational Vector. A Vector f is said to be irrotational if V x f =0 | 


Physical Significance of Curl 


curl f denotes the rotational sense of a vector field f . 
For example: The magnetic field due to current carrying conan is 





Figure 3.12 


VxB = b (Ampere'slaw) ` 







/ 
A 






T ^. Wehave . 
* 





Vector Calculus. ` | 
Here, magnetic field has rotational sense only. It does not converge or diverge. So, its divergence is 


or diverges. Hence, the electrostatic field is irrotational. _ 





The Laplacian opgrator y ? is defined as 


O° po 2 
v? 5 uit PI 
ôx oy! are 
Iffisa scalar point function then 
SEN LP SNR 
cars ear IER 
Ox Oy oz 


V? f is also a scalar quantity. 
If f isa vector point function then 


or Ug ca 

ue —— + — 
ye ty ae 
V? f isalso a vector quantity. 


Laplace's Equation. The equation V? f = 0 is called Laplace's equation. A function which satisfies 
Laplace’ S equation i is called ; a harmonic function. 









d "Dove that div (4 + B)= =divAt+ div B B 
o | V -(A+B)=V-A+V-B 


PY a pA o peste m d ^0 ^ 
E i =V. :B)=|i—+j—t+k 
d div (A+B)=V dd i: Ux 


A 


AO A 
i. (A* B)* j- 
ru )*tJ 





=v. A+V -B=div A+div 
: 4. Prove that curl (4+ B) = curl 4 + curl B 
or Vx(A*B)- Vx A*V.x B, 


. Proof: We have curl (A+B) = V x(4* B) 


ad OB 
= Yix—+Dix—=cul A * curl B. 
x Ox 








SASS oy Te T: 


Gradim, Divergence and Curl 


3. If Aisadifferentiable vector function and is a differentiable scalar function, then 
| div (9 À) =(grad¢)-A+ ó div A 
IE MEME vant óA*9(V-A3) 
Proof: We have 


div(dÀ)- v= (arias - eo 


=f. = (D +}. Sa) +h; 2 (à) 








E. [Note a.(mb) ]- (ma).b =m(a-b)] l | 
P uU azi? a). 20» a- =(V ¢)-At¢(V-A) | | | 
i 4, Prove that curl (¢A)= (grad d) x A+¢curl A 
"e c vxqAy- (9) * 4-63) 
» Proof: We ave 
NM i = z 70 40 
Me me) vox da B J> em > (GA) 
b afto Pass a | 





588) sh aa) 

i 4 d emp 23 

[Note that à x (mb) = (mà)x b =m(ax b] ad E 
- [r8 aem mn e | 
Ox ox d 1 

| Nu Prove that div (Ax B) = B-curl A—A-curl B 


or — V.(AxB) -B-(Vx A)- A- (Vx B) 


Proof: Wehave | eom 
inagis e NN CUN (OA -> ~- aB 
di B) = pil =i. | —xB+Ax— |p. 
wah- Zand} fr (eene 









Vector Calculus... D 


= (curl A). B-(cul B). A 
= B-curl A- 4c B. 









6. Prove that 
curl (Ax B) = (B.V) A- - B div Ax -(4- V) B+ Adiv B. 
Proof: Wehave 


curl (A xB) = Vx (AxB) 


x X 

: fu ad 
{pS )2- d. ali D- 

A B i) : - . : à : 


S D tN 
S c» 

; e [&, 
aS jb 

Se 





- (iB) A -(A- V)B * (B-V)A - (div 4)B. 
7. Prove det | 
grad (4: B) = (B: 304 +(4- TUBE B xcurl A +A xeurlB. 
Proof: We have 
grad (4- iy = io B) 


= Ii (A: B) 
OB OA 
= -xfa Be A J 


paje = 


Now we know that äx(bxč) = (a-c)b - (a-b)c 







Gradient, Divergence and Curl - 


(a-B)é = (d-G)b -áx(bx&)« 
(a y =(A: AR 
ĝ Ox 


s . OB 
2 " MIU 
; B - a ôB - (> ðB 
i -að - A ab] 
paap iu 


= (A.V)B+ Ax(Vx B) 
ue - ôA \» EU S - f - 
Similarly, za = (B-V)-A+Bx(Vx A). egies (3) 
Putting the values from (2) and (3) in (1), we get 
grad (A-B) = (A-V) B+ AX(Vx B)* (B-V) A+B x(Vx 4). 
= Note: If we put Ain place of B. then — 
T | oe (A- A) =2(A-V)A+2Ax(VxA). 


yo Or ; ered =((A-V)A+ Axcurl A.) 


E a Proye that div grad ¢ = y. 
l AM V-(V9)= we 


SO o 20] (06; 06. 0f; 
v. (Vd)- «( Siete ae jt i 


| ; Proof We have 


à Oy 0. 





E F RTL | 4 + 
B uw ux y oz ex Oy Oz 
"9. Prove that curl of the gradient of ¢ is zero l j i 

| V APIS 0. Le. curl grad à — 0. l 5 
Proof: We have 








05: 0j: 96; 
Bap om adu = 
oy 
curl grad g= Mo 


MI RUE CIA XN LUC LA 
Ox 2 Ox Oy | G 








icy dk 
jð 3 ð 
i (df ð a 
| 9g 0 OF 
Ox Oy & 









Vector Calculus © 


Pa 20 7 (2$, o IM T (06 _ a9 Y 
b laa Oy) lex wa) ley yu) 
= 0f+0f+0k = 0, . 


provided we suppose that has continuous second partial Jwe so that the order of the 
differentiation's immaterial. 


“10. Prove that div curl A =0,i.e., V.(Vx J- =0 
Proof: Let A= Af +4 j + AK. 





































i i j k 

| - |ð ð ð 

| Then curl A= VxA= A y ES 

| ! : A A Ay 

| (2 -js (34.34 Jj, [24.- 24 ji 

i Oy & Oz € Ox Oy 

Now div curl A= V-(Vx A) 

boc i "EE" y à y à Es Oz Ox dy 

mM (294 AQUA A Ph PA 

à i ^ Ox Oy Ox Oz Oy Oz Oy Ox Oz0x Oz0y 
rd © os M =0, assuming that A has continuous second partial derivatives. 

1. Prove that ` 


AY x(x 4) = V(V-A)- V 
Proof: Let Ar A Aj A 


Jea (24. 04 (24. 24 
Oy Oo Oz Ox ox y) 


Vx(VxA)- 


k a (24, a4) ett 

| Alala ay) OO ax. 

OCE 
jV Ox Oy . dz Ox oy Oz 











0 ( 04, rj (24 84); 
— perm mal t 2 i 
Vacl ay &) a & 





| l. divrisequalto 


(a) 0 | (b) ! (c) 2 (d) 3 
Ans.) | ! 
PExeybkzk 
nx 
É VI S Era 


F: d ENT ize 


/ 2. curl? is equa to 





( (907 (c) 2 |. (03 
~ Ans. (a) 
: x1 valueof constant for which tie v vector J 33 yi +(y- 2z) jt Gc azk i is solenoidal is 
(à) dz " (02 ` (c) -2 . -~ (d) -1 
- Ans. (9: AE 
Vector Fi is solenoidal if div f =0. 
div f = Sort O- 22) + (a ae) = 0 
=> l1+1+a= = 
4. If a is a constant vector, then V - (F x a)isequal to 
(20 = .()1 (c) 2 (d) 3 
Ans. (a) l S 


div Fxa) = DiS Exa) 


des 


Et J = Yi (ixa)s0 





E 
2 











5. ifa isa constant vector, curl (F xa) isequalto , 
(Qa (b) 2a (o) 2a 
-Ans. (c) l i i 


curl xa) = Y xS (Exa) 
, - ZiZa) 
= Y ix(ixa) 
= SG-ai-@ ta] 
= Yd: äi - a 


| =a-3a=-la l 
6. If f =e (î+2}+3k) the curl Frat, 1; 1) equal to 


(a) G+j+h (b) e(i4 j) (c) e(i +k) 
Ans. (c) E l 
ge. tA dpa 
Vxf = a o ao 
Ox Oy a. 


ADI, 1), 
vx = ei +k) 


& 


(6) -1° () -2 





a Oy; 
(Q0. 





re p 
Ata, Lly dvf=3 - 


Ans. (c) 
if = (xt y+)itjt(-x-y)k 


i 3 É 
curl f = g a 20. 
âx Oy Oz 


xt+ytl ok key 


--itj-k 


n if f= xy d 2x! yj- -3yz E, then value of div f at (1, l; t)iseqùalto ` 






8. If f= (x? = yz «0? -xX, the T€ at (1, 1, Disequal io 
(a). it jtk E (b) ix2j 43K (c) i+/+4k 


(d) eG E) 


= g” (3xz - 2xyji Le (xy = yz)j 4 e Qyz- xz)k 


ey? | 


bed) dcj-k 



















3 °* Gradient, Divergence and Curl 


(FW on] = (cy d +j Hex- y): (-i +j- b 


=—x-y-ltltxt+y=0 





. 1. Prove that div (r" F) =(n+ 3y" 
Solution. div - (rr) 


i a ô 
i : See) | 
| n-l Or = n z| 
=y i. nr" —F +7" — 
Ox Ox . 
ôr x Or jJ 


- Xe" žiaril (2 E. 


- nr Xx +r" 
= nr! +39" 
=(n +3)" 
2. Prove that V? (r F)=n(n+ 3)r'?F 
Solution. Vr'r) 2 VV- F) ; 
V-(r°F) = (n * 3) . (from previous example) 
So, VF) = V (n* 3)" 


4 ; (r^) 

= + ——— 

“ 21» 2 ; 
~“ + 32, nr" = 
ox 


= “n(n +3) Yxi 
= min: * Hay 





= ls iX Fx 
1 due d 
= Mec a 
3 3 3 
DH. 
-0 


4. Prove that div ê = 


x fb 


Solution. V. 


.q» 
li 
«1 
a 
xio 
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5, Prove that vector Ar) 7 is irrotational 
Solution. A vector function is said to be irrotational if its curl is zero. 


Vx(f()r) = Yi x (r)F) 


EH 
E 







l IHOHO) 
: xir roi) 
Ae os 2D sd ouo 


fe) 3 


FXxFMf (r)Ei xi 
Y 
























--yi Si uer) 


I 
l 
oN 
Sal EN 
~ D 
-) 
5 
N 
l 
| (oS) 
«X 
~ 
t5 
~y 
— 
CE, 


T 
l 
| 
M 

pn 
| 
~ 


grad = ) ir 


: -20° 
nr" Exi 
" un s n 


DEA. o3 HV r 


ll 


li 
] M: 
glo 
: ~ 
= 
NU 
m 
xi 
— 






TX o a 
E. E C HONE: 


as 72 uet [ns aXe) 
nr” ?Yi i +n (1-2) P 


3nr"? + n(n - 2r" Exi F yu 
nr? + n(n 2j Ex 
= 3nr"? + n(n-2)? 
= (pm * ne? 
| -n(ntlr7 coe 
8. Prove that V? (gy)  9V/y +2V¢-Vy+yV76 
Solution. eV (gy) 9 V-(V@y)) | 
| ; —- V(vVér$Vvy) 
0 Vy Vg) +Y- (Vy) 
= y V$42Vó-Vy o Vy 





9. If A and B are irrotational, prove that 4 x B is solenaidal’ ^ 


Solution. - A x B are irrotational 
So, VxA=0.& VxB- » 
Now, V. (4x B) - LiL xd) 
La 


Xa 


E] 
| 


ose 


Is 
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ô M ee E NE) 
= B. E j| —x A |z B:curl4- 4: 5 ix— 
xi HE ] EE 
= B-curl A — Acurl B «0 
Sine, -V-(AxB)=0 


Hence, Ax B is solenoidal. ' 


10. If fand g are two scalar point function, prong that div (f vg) » f V!g * Vf - Vg. 
Solution. We can use a vector identity 






d (0 Né) Vf v. f 
^ Where ¢isa scalar function & f isa vector function 
d So  .  V(JfVg)- Vf -Vg + f V-(Vg) 
T @ = Vf Vg e fV'g | 
"d E | a 
es = We "(re Peu 3 
We g /á- — 782 788 5 i g o 
x s CES | 
uw or eve B ap. as. Uf dg Og Of Og. | 
y EY C . — + Ea 
n âr àx e BE rs à d a 
- (8. 2s, 22), oo of Og. Me 
(Oy Oz? j A Ox ax “ap dy Um x. 
= gg zi En . RART 
Oy & Ox oy az 
= fy? ef Vg 4 
| 11. Prove that div (Axr) = F.curl A when 4 is a constant vector 
Solution. 


` Usingidentit V-(AxB) = B-curl 4- A-curlB 
Ws (Ax?) = F- „curl 4 - A:curlP 
=F-curlA | __{ascurl?=0) E 




















1 nm 





a Gradient; Divergence and Curl 


12. dà disa constant vector, prove that 
‘div {r'(axF)} =0. 
Solution. 





V-(r(áxr) = Xiao) 
^ n = 5i. ur CLA [ax=) 
X 


= nr" Exi): (Gx) +r" Zi AF 
= nr"? F.(GxF) +r" Xi (àxi) = 
13. Prove that a 

V-($Vy-vV$)- 9V'y-y Và 








Solution. $ 
V- (Vy) -9V-(Vv)*V9-Vv 
=6V°y +V Vy 
VAN SHY C Ne 
-y ViósVy-Vó 
So, V9 Vv-vV$)- (9 Vy & Vó-Vy) - (y V* PENY V9) 
go = $V'y-yV'¢ 
i 14. If üand b are constant vectors. prove that ` 
y à) divi (Fxa)«5] --25-à 
< > @ [axb] bxa 
` Solution. LN E 
DÀ. div((Pxa)xB] = V-[ (Fxa)xd | 
i p i ^ ^p. 7 
s / = 3t x a) x b| 
Re. Ea 
| UN . E -YH ie] 





-Y|é: byi.à)- G b- i)| 


(ii) | eu [P3] - J ix [Eai] 


- xia ; 
- Yíx[dxax] | 
= Yid byà- (à-byi | 
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= 3d -bixa) - a-5d xf) 
= D blak -aj) | 
= (bak -ba,]) * (bad - ba Ê) (a, ] -ba,i) 
= (b,a, 2. ba,)i T (ba, B baa, y (b.a, m b,a,)k 
_ - bxàü i " ] 
15. If r denotes the position vector of a point and if r be the unit vector in the direction of r ,r=|r|, 
determine of grad (r~) in terms of r andr. 


| Solution. 7 V (=) = Y i 21) 


$ 







i “\2 
ir^) Ox 
s-—Yxi 
225 
F 
rag 


Where, 7 is a unit vectori in direction of 7 
j 16. For any. constant vector q , show that the vector represented by curl (a ax r ) is always parallel to the ` 
"y -yector ar being the position vector of a point (x,y, 2), measured from the origin. 


f = 
Solution Curl (axr)— zia x z) 
r jr, ue Xx 
TR TE AP 
-Yi (e) 


-Xixgxi) -Zixaxb) 
















| -àXl-M-a) 
-Ja-a- 2ü 
So. Cur (a x ris always parallel to vectora 
17. If r2 xi yj + zk., , find the value(s). of nin order that er r may be (i) solenoidal, (ii) irrotational. © 
Solution. | 
(i) For vector to be solenoidal, its ae should be zero. 


V (r'F) - Yi. Zeh 






p 


«Or 
Nn Pr" way i. J 


= S| mez —+r'(i i» 


em" xt Ll 
=nr't 3r"= (n +3)” 





Grades Divergence and Curl ` 








So, PPwilsolenodalif m--3 ^  ., 
- (i) For vector to be irrotational, its curl must be zero. 


Curl r'r r ici 
t > we 2r zs 


- LG xr)nr'?x4r'(i ixi)] 
=r [m7 (xi x7) + 0] 
zz nr? [(Xxi)x F] | 
= nr"? [7 x nla 0 
So, r^r. will be irrotational for any valueofn. — 
18. Ifu f=Vv, when u, vare scalar fields and f isa vector, find the value of f . curl Í. 


Solution. 











. 20. A vector field is given by - 


Given ijs = 
Taking curl on both sides 
Vx(uf)=Vx(VV) d 

>  UVuxfauVxf-Ü -— E (as curl of gradient =0) 
Taking dot product with f 

fux f)+uf Vx f = 0 
‘Since Fux f) (0) 
So JVx f-0 


1. Let? = xi + yj + zk andr 3 =|7|.Ifa scalar field q Y and a vector field i u satisfy V9 = Vxüsf(r) 
whee fis: an narbitrary differentiable function, then show. that yip =rf" i t3f(r). 
iem : ee Vx i+ fer 





oe — by) 


: if sv Or 
Sears xir (o ure 


SLOS C ey 4 
SEE 2” OL | 
TOO) 


faci- yf) | 
for (X y) x rd (region - 1) 
F()-4 .Qj-yi) 
: va Ars RR T 
(x+y) 
for (x +y’)>1 (region H) ` 
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and 7, are two constants. 


Hohe curlof this field in both the region 





F(r)- a yi i for r <r (Region) 











p 2 Cyl +x) 
fo "ipm. s forr. >F (Region Il) 
i jk 
-lð ə ð 
In regions! Yon ax y & 
-ay ax 0 
= 2ak 
i jk 
= ð ô ð 
VxF=| — — —=0 
In region I ôx ð oz 
ary arx 
ET AR" 2,.2 0 
y | x ty x+y 
T mA the position vector of the point (x, y, 2) wrt. origin 


C Prove that | | | 
E D V'f(r- fe) =F l mE i 


Find fe) such that ou f x -0 


y rio vf) 





"eaa ie ra reda rere n 





po 





- Gradient, Divergence and Curl 





XE 


i5 Lot inerti] 
r 


zs "Oye, NN fem 


' E LO, peed iro 


RY r) +Ž S (r) 
Now, let us find f(r) such that V? f Ae 0 


Let | gn f'() 
Now, V'f(r)«0 f 


5 FOSO -QU 








; 2 
= g (FEL) = 
d. 2 
=() 
ex x dr WE 
; y 3 
Integrating i 
`» D 2 + gj = const 
D C E 
JM gr =C, 
2G 
N, df C : 
B JE s E 
G 
i — dr +C, 
FT. is J p^ 











C 
fir) = SR 





22. Evaluate div (ax (r x @)} where dis a constant vector. 
Solution. 


V-x( x3) = Yi na) | 


- Lila Za) 

= di fax (ix ay 

= Y [aai - Da) 

= XE-A- i-a] 


= aIl- Ea 
1 3g! — a! = 2a! 
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23. If f = Ah find grad (div f). 


- Solution. 





$ 
2 ^ 1 Or 
-5»i|— -|rt-— 
Ox Nr r Ox 
| d. xs a 
2s — Ft 
M , rrr r 
3 l t lox 
E = 2x 1932. 00) 
-— M TT | 
= —— #— l 
lyssy 
l1 3 2 
= —— + — Z — 
rrr 
grad (div f )= grad B 
» 


" 
H 
n 
"n 
bM 
Is 


SU) ALR 


(px?) r= (nt 2) G-nr2 (Gay 


E "E i n s DN c 


n éurl (x pr- yi [a x p] 
- 25 (a 2j r' (ax nd] 


= Zida x De" +(a xr)nr"! z| 
Ox 





x 


SUIZA P f ma Voglio ls 
2:9 +) Mor : 
rXix(àxi)4r ?Yxi x(axF) 
P[G-Da- da +n"? [rx(ixz)] 

r" [ax -xá- à) enr"? [P -ra- Car] - 


= 3r'üà-r'ü nr'à- nr"? (F-à)r 
n-2 


= (n+2)r'a—nr’ "(r-a)r 
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25. NE pio 1 £ : 





Solution. s [A E 





x 
iM 


"qs. Prove that vn $= 


Solution 
j $ e 





(rf) 


j- x aft uu 
yet e 
abel zio F+- " 





: z|-2«- Atos (iF) EAN. i} 


: LO zy af (de +— -f()n 


fo o f D 


<4 f(r )+3 
joao 
r 


= p f'e)*2r fe). 








M 


M 
US 
-= “M 
2 e 
xe 
M. 
+ 
"tl c 
LÁ IL 





it 

iu] 
FAS 
~] 4 

4- 
l `l o2 
a a, 

il 
Za o2 


ny 3@-7b-7)_ a:b 
j.V s) sU 
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where à and b are constant vector 


plution. Es ü 
ub = 2! ax r 


; Ed 
= i[-z ax 





< 
x fe 
SN 
\ 

/ - 
ms 
X, Si 

~ 
wa 
WA 


(3 Sa. F)* (à: iy 
r a p 


Es 
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3. Ifa at 
28. If à is a constant vector, op th 


ax? a 21 
eurl| —3~ z a p 


«pestes 


', Solution. 




















= Gradient, Divergence and OU PM or 


4 p | 2 E W TH 
<a copie, | 
e t ^x) El Gx?) 
r r . 
e Dä- x(- ai). F Fx(axr) 


d 


S gs 3)--[6- F)ā- (a: Py] 

å 3 

Hg 

= SS aF 
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29. Baie vv (2) - 


Solution.. i 


Yy 


^a P 
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30. Expand : 


S n 


ra à). (az (i) vfat) 290] vx 
MEC rj. 3 NI 


vt P3 abes oe 
__-Avhere ais aconstant vector : 
Solution. 





EET oe Wigs ar 
--—.4(d ryZix)-—X(a.i)i 


nary. le 
=> Cai 
r r 


: 3 iE | 
(ii) vfat) Xii 
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Gradient; Divergénce and Curl. 
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Ji 


LR EE 
-—~ Lix-(axr)+0 
p? 


He nu. o 
CP AT 


ERO 


It 





il 


n ae ME 
-— Y ixx(axr)  — Yi x(àxi) 
F r J 


EUN RETIA TN. 
" iP xGxP)—X[G-Da-d-a) ] 
r^ r 


ll 


il 


lE Aa-@-aF]+ [on - x6 ax 








Hp nu. uuu ol. m 
esee a] a 
n. (ra). 2a 
i ERU H n+2 Y» 
: r r r 
Q-nà (P8). 
z r " p'* r 















31. Showthat — — E HE 
: ^ P. ' 1 
. curl (irera J * grad fi : gat) =0 
* i^ : 
where r is the distance from the origin and k the unit vector in the direction OZ. 
Solution. ? 


E " eris " ^^ ^ * vxo. 3 x a 
e [ixte + jx (hx ys bd] +F) 


Lo d s Cee 
cU ER e (rer) 


r : 
e mn i 
è z-ke—[rk-(k ry) 
JBv*A E. 
: DEEPEN 
bs a Li aA Sm 
d k re =V é{-4] --xi?(n J 
m grad| kgrad- e E 5 


k " 32 > 
ons “Sa 7$. 
Por 


So, curl i x grad 8l + grad (terad 1) =0 
r à r 
32. Evaluate V? E 
AK 


Solution. 
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1. Ifa is constant vector, obtain 


` (a) div. (7x2) s ir we Hg E "E EE Ans, 0 
(D curl(#x@) ——. A MEE 7 .* a Ans.—2d 
2. Prove that V'(r'r) = n(n- 3n? 7. LEE ; Eus | 


3. Prove that divgradz" = =n(n+ lr. 


4. ‘A vector function. J isthe product ofå scalar function andthe gradient of ¢ å scalar function, show that 


feily -0ü 
S. Provethat div (Ax?) =7.curl A 
e Verify that curl grad f= 0 where 
E eos Am y *2xy*z 
£55. Prove that; A Vl 
E uo yxp) VyxVá- —cun(f Vy) 
8. Show that curl(à.p)à = O where à à is aconstant vector. 


' 9. Prove that a, AV( J: a)-V( f xá)- di, where. a is aconstant unit vector. 3 
10. D: T67 is is athe poiftion vector of the des (x, }, es Show that curl ("7 ry 0, "Where r is the modulus of 
S 


ERA t ES A i 2 EV ct : 
Ee r 4 







“qa Irv? IO 20 ; show that fr) - c logr +c, where =x? +7 and c, & c, are arbitrary constants. 



























LINE INTEGRAL 








: E . P l A 
/ i3 ' Figure 4.1 
í : Itcan be oriented by taking one of the possible two direction as positive. Ifthe direction is from 4 to 


l " B, is taken as positive then tlie, direction from B to A will be negative. Ifthe initial point 4 and terminal point 
JD XB coincide then. the curve Ci is Sue closed curve. (Figure 4.2) 





ES > & ^ Figure 4.2 
Smooth Curve: Let the curve C is represented by parametric equation. 
C=O, yx Zz) 
Then each point on the curve C is represented by position vector. 
F(r) x) + pj + 2k 
A curve is said to be smooth if the function F(z) is continuous and has continuous first derivatives not 
equal to zero for all values of t. There is unique tangent at each point on the curve C. | 


Piecewise Smooth Curve: A curve C is said to be piecewise smooth if it is composed of finite number of 
smooth curves. For example:- . . 





i 
| 
i 
E 
1 
H 
i 
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Figure 4.3 
The above curve (Figure 4.3) is piecewise smooth curve because it consists of four pieces of smooth 
curves, AB, BC, CD and DE. 
~ The rectangle consists of four pieces of smooth curves. 
Line Integrals: The integral which is carried on a curve is called line integral. 
Mathematically, line integral is written as 
[Far 


On the curve C, only one variable is independent, other two variables are dependent. 
If F= fitf,jrfek 


y =xi+ yf+zk 


dr = dxi + dyj + dzk y 
Then, F.dr- f,dx + fdy + faz | (Xz, Y, 2) 
where f, f, f, are functions of x, y, z. | 
If we take x as independent variables. 
then y and z can be expressed in terms of: x using C 


je equation ofcurve 


y= g(x) 2 uy 7*2 (x) de | (x, y. z) 
z= me > oe Oe dx . 


So, the line integral ie dr edes toasimple 





definite i integr al. 


par l f(x)dx 


d Figure 4.4 


lih can be solved using usual techniques. 
Similarly, if y is taken as independent variable then x and z can be expressed in terms of y using 
equation of curve 
x g(y) 2 dx= g'(y) dy 
z - h(y) => dz - f(y) dy 
So, Far- fax + fay + fdz will be reduced to f (y) dy. 
So, line integral JF F.dr reduces to a simple definite integral Í f (y) dy which can be solved using | 


n 


usual techniques. 









`. Lire Integral E x r age oe B | = a 444092 | 





Similarly, if z is taken as independent variable, ien xand v can be expressed in terms of z e 
equation of curve. 


ox-gQ)-dc-g'Gd 
y7 h(z) 2 dy=h' (z) dz | 
So, are f+ fly + he will be reduced to f(z) dz. 


So, line integral [F. dr reduces to a simple definite e | f (2)dz which ¢ can nbe solved using usual. 


[4 


techniques. 
Sometimes the equation of curve is given in terms of parameters, x, y, z are expressed in terms of 
parameters / using parametric equation of curve ` 


x= g(t) => dx 7g (0) dt 
y ^ g(t) => dy - 8;() dt 
z= g(f) => dz ^ gi(0) dt 
So, — FdF- fidx + f,dy + fidz will be reduced to fq) dt. 
So, line integral JF F dr reduces to a simple a integral fi f (t)dt which can be solve dusing usual 


h 


techniques. i 
So, there are the four ways of solving gline integral by converting it into a a definit integral. ` 










i Fs 3xyi — 


35 j determine ihe value ii [F dr where C is the curve y 2 2x? i in the xy plane from 
- 0, 0) to Z 2). l 


T 





Figure 4.5. 


Solution. 
The curve lies in xy plane, so, z =.0. z can never be taken as independent var tiablezisa SERIA 
variable. Now, out of x and y, any one variable can be taken as independent. 


. Suppose x is taken as independent variable 
y = 2x3, dy = 4xdx 


Fare 3ds- ydy. - 2 
= dx — 4x4. Axdx 
= (68—16x5)dx 
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So, the line integral f fdr ‘rédtices toa definite integral. = 








Ea i : 
| (6x? -16x°)dx 
$ aji. sl! 
WAATA EL 
4| | 6|. 
E s 
Ify is taken as independent variable then x can be expressed in terms of y as 
= LN 
NA 
2 
1 1l 
dx = ———= dý 
e SB. 
So, f dr = 3xydx — ydy 


S gp Ser 


3, 
= | — V- dy 
Cae 


E So, the line integral f fd reduces to a definite integral 





- d 


2. Fité [Fe dr where F- (x? - - yy + xyj jud curve ci is arc of the curve y = x from (0, 0) to 


(2,4). * 
Solution. ; | 
Edi = (œ — y!) dx + xydy ito. a | 
Taking x as independent variable | | (2, 4) 


y =x, dy = 2xdx 
F dF = (£ — y?) dx + xydy B 
= (x! —x') dx ta! 2xdx 





Figure 4.6 


So, the line integral F a reducesto adefinite integral . 


5 (2 De 
je eres x 136 
: 3-51 ds 




















=- Line Integral 





pu a Toms actsona araid and E is displaced ia a given RE C. Then mem done 
by the force F is given by line integral. 
w= [Far 
, C 
. Theintegration is being carried in the sense of displacement. 
3. Find the work done when a force 
 FeQj-yei -Qy*j 
moves a particle i in xy plane from (0, 0) to (1, 1) along the parabola y? =x 
Solution. 
Here, on the curve C, y can be taken as independent variable and 
x= y^, dx = 2ydy ` i | 
workdone in moving a particle by displacement dr 
dW- Fd — 
= (x! - y! + x)dx.- Qxy + y)dy 
o -y *y)2ydy - Qy .y + y) dy 
= y! - 2y! - y) dy 
Hence, work done is moving a a from Oto P is given by 





Figure 4.7 





| l Y «y y 
E W-|Qy -2y'-y)dy22—-2—--— =- 
A Joy DESE A 
E 4. Evaluate $xdy = ydx around acirclex? ty =r 
Solution. : 
Jet denotes the circle. The parametric equations of circle is 
« 2 x=rcos@ " 
E $ y*rsinO. 


x 


Here, xand y have been expressed in terms off Parameter which 
2 varies from 0 to 27r as one traverses the circle. 
B x- rcos@ > dx=—r sind 
yzrsinQ => dy=rcosédé 
x dy—-y dx 7r cosQü r cosüdO -r sin O(- r sinQ) dé 
"rd 
$xdy - ydx = r$46 





Figure 4.8 


= ar 
Here, r is a constant, because integral is carried over a circle. 
5. Calculate the work done when a force F — xy i + (x? y?) j moves a particle in xy plane from (1, 0) 
to (3, 8) along the curve C, y= x - 1. | 
Solution. i . ; 
The curve C is y= x- T Since, this is quadratic in x and linear i in y with no xy terms. This is a 
parabola: Let us put this parabola in the form i 





Vector Calculüs-- * 








(x-a 7 4a (y~f) 


C:(x-0y-(y*1) 
This is a parabola with vertex at (0, —1) and axis parallel to y 
axis. 


On curve C, letus takexas indepedent variable. The dependent 
variable y can be wrltteni in terms of x as 
y=x-l 
dy = 2xdx 
work done is moving a particle by displacement dř 
dW =F dF . Figure 4.9 
= xydx + (x + y!)dy | 
= x(x? -1)dx + (8 + (e Dr Qxdx | 
= (2x5 -x + x)dx 
So, work done is moving a particle from (1, 0) to (3, 8) along a curve C. 


W- [Fa F=f (ox -x + x)dx 


c 


X 





1 


xí xí x? | 
py = 2.—~-—+— = 
f | 6 4 2) 


6. Evaluate theline integral JF F.dr where F = (x + 2y)i +(2y—x) j and Ciscurve in xy plane consisting 
/ of the straight lines from (0,0) to T 0) and then to (3, 4). 
Solution. ' 
e ie cile C consists oftwo piecés E. smooth cı curves C, and C. 
Cis straight line from (0, 0) to (1, 0)i iè, y=0 
is straight line fon (1,0)to (3,4) ] 
"nr 


" je 1) 


So alg € Es 0; aye 0 Gi isan nien variable) 
Rar =x dx 
Along C; y= 2x x , dy = 2dx (let us take x as independent Yatrabiesn. 
Fdr- (x + 2y) d *Qy- x) dy 
on C, F df = (x +2(2x-2))dx + (2(2x - 2) - x).2dx | 
- (11x - 12)dx P LE (3, 4) 
[Ea = [Fare | Far | 
C e 


G 


227 











| i ce53 
do e O Z (L0) 


al , Figure 4.10 
3 i 


(e -12s) | 
o 2 i 


2 i 
20.5 


x 








1i 








Line Integral $o o e we 406 ).. 


| M Evaluate ae dr where F=(% +y -2x , where curve Cisaiectangle in the xy plane bounded. 


| byy- ee ay= b,x = 0. 
Solution. 
The curve C as shown in figure 4.11 consists of four pieces of smoothe curves sC po, C, &C,. 


fg = (P+ yy - 2xydy | 
On C, y 7 0, dy =0, F df = xidx 
On C,x7a,dx- 0, Fdr- -2aydy 


y 











; a R Ss ! i (0, b) 
On.C,, y 7 b, dy = 0, F.dr -(8*b . 
On C, x ^0, dx - 0, Fdr- 0 2 
Pr d d Fr «[Far 
G C GG Cy 
a b x 
" 2 , 2 (0, 0) € (a. 0) Á 
| ae enm -2 od. ee LU : En 
312 É 0 
x 27 2 
- sp UP teers] 
; » odo c. om 
7 TU ab | ab 


/ ; = ap 


d $. Find ile etotal work done in moving a particles ina a force field given b F =3xyi -5zj +1 Oxk along 
the curve x=? +1, y=2P, z= from t= 1 tor=2. 


zb 
Solution. 
: Onc curve £ „the coordinates x, y, z are apesal in terms sof parameter /. l , m 
m xii Idx = 2tdt — ; | . 





(do Pdf 3xyde —Sedy + Moxdz | | 
Wf x = (2-1) 222Idr — SPAtdt + 10(P+1).3Êdt 
= (12P +107 + 128 + 307) dt. 
- So; total work done, 
W= [F. dr 


C 





-f (120° +1004 +124 «307 di 


2 
= TU T m 
^6 .5 .4 3 





rae 
= 303 : 
9. Find the work done i in moving a partió once around circle C inthe xy plane if the circle has a 
centre atthe origin arid radius 2 and ifthe force field F is given by 


F =(Qx=y+2z)it (xt y-z)jt(x- 2y- —52)k 





"Solution. : " 
- Equation of circle as showni in figure 4.12 is written in parametric form as 
x=2cos@ => dx--2sin6d0 


y=2sin@ > dy= 2005040 
z=0 d:-0 


x, y, z are expressed in terms of parameter 6. 
F.dr =(Qx-y+2z)dx + (x + y -z)dy + (3x -2y -5z)dz 
= (4cos @ —2sin 9) C2sin 0)d0 
+ (2cos + 2sin 0) (2 cos Qd. 
+(6cos 0 — 4sin 9).0 
=(4-4sin@cos@) dO . 
6 varies from 0 to 2 z 


So, total work done 
2x 


= f (4 —4sin 8cos ü)d0 


Vector Calculus T 





Figure 4.12 









=r 


AO. If F =(3x +6 yji -l4yzj + 20xz! k . Evaluate [F F dr where C isa straight li linej joining (0, 0, 0) to 
ri (1, 1, 1). 
oa | | 
x-0 y-0 z- 
> Fügation of straight Iinej joining 13 0 i to(l, 1, l)is given b: Tu dco e 


e 


| 


=£ where fis 


e 


e 

E In parameyfig form, equation of curve is given. by 

E xg 1 =>. dr di 

ag'2o- dt E AN 

ue vire ENS m 
tyaries strom 0t0 | 


F dr = Gr + A Myzdy +20x2dz 
a d - li?- 6r) di 





qee- fov -11 + 60d! 


[ster] 
1L Die 


_13 Í 
SA : 
l1. Integrate the function F = x^i — ftom the point (0, 0)to (1, eon the parabola y? =x. 
“Solution: a 


" Here the curve C is parabola ys xàsshowni in LE 4.13. d C, y can be en as independent 
variable. 


. The apem vate xcan bs written in terms of y as 


l l EY ; 
















Line Integral 


dx = 2ydy | 
F.dr = x!dx —ydy 
= y 2ydy - y’. ydy 


=y -yMy 
So, the line integral 


i 
| Far = [Qy? -y)dy 
C 0 
7 Tee 4 
3 up i 


12 Figure 4.13 





à dt Find the value of Jt x y)dx (x! - y] takeni inthe counter-clockwise sense along the closed 


curve C formed by straight line y=x and curve y =y. 
Solution. 


The curve C consists of chord OA and curved par 4O as shown in figure 4.14. 
Equation of OA is y = x and curved part is y =x. 
Along chord OA, x can be taken as independent variable and y 7 x. 


y 


Fd = (x.+ P)dx + (x- y)dy 
Pa = (x + x?)dx + (x7 x)dx 
/ ^ = 2x'dx 
Ó Along OA x varies from 0 to 1: On curved part AO, let y be taken as 

independent variable & dependent variable x can be put as 
a E ; 
3 ds 
T Me y^, dx ne dy, * ; Figure 4.14 
wo [B et pact -ydy 








3?) gor 12, 3 i 
EAE Da ORO; »4y ~ 


CONS =o oo = Tg ip- y)dy 
y varies. ‘from 1100. 

Ere entr 

C C 


G 


| 
4 3 
= [2x &« [o ey Er — y)dy 





0 1 

sala bya ly F 
SW 7 2 2 | 
84 


Note:-1f the integral is carried out in clockwise direction. Theanswer w ‘ill differ only in sign. 


l 
$E F dr inclockwise direction =—, 
‘i 84 





` Vector Calculus. - 














vey x+ 


13; Calculate [ F dr where F = = i 2 — j, where C is the semi-circle y= là X s. 
c y : QD ne, i : 
Solution. | E 
Thecurve C showninF igure 4.15 is the semi-circle 
y=Va-x 
_ The equation can be written in Tei form as 
x=acos@ => dx--a sinOd@ 
y-asinQ > dy=acos@dé - 
O variesfrom Oto m. — .—— " 
y'dx- y dy m s Figure 4.15 





Ëd =} 
x +y 


_@ sin’ O(—asin 9)d6 - (a! cos s'6)acosÓdÓ - 


2 
a 


=- a(sin? 8 + cos? 9)d0. 
f Fd = -af (sin? 9 4- cos? oyda 
C. 0 - 
- -a| sit? 020 -af cos’ 840 
0 E 


A > 2 z/2 


z-2g f sin? 0d0 -o sin, | cos! 0d0 = | 
b n uf 





* 





E. 2 


where C is the curve y’ = 4ax from (0, 0) to (4a, 4a). 












valuate e 
| CA oxty | 
Solin. Se | Au. cg 
Theequation diu curve (as showninthe figure 4.16) can be written in parametric 
formas : 
x=al — dx = 2atdt 
y 7 2at > dy =2adt 
Parameter, f varies from 0 to 2.. 
The integral l 


| Ed 2atdt aa dt = logs +232 


E 
È 
$ 
E 
i 
f 








XHY at^ +2at Gite 
= =) lóg2 
15. Evaluate [( ydx ~ xdy), where Ci is arc of nese ae sin 0), y*X(1-cos 9) jounng ie ponis 


Figure 4.16 


(0, 0) id (47 , 0). 











Line Integral ! 





* 


Solution. 
The parametric equation ofc curve C as shown in figure 4.17is given as 


x= 2(6- sin) > dx = X(1 - cos 9)d0 
y 7 2(1- cos8) = dy 7-2sinüd0 
bis the. parameter since (x, y) varies from (0, 0) to (4 7, 0). So, @ will vary from 0 to 2 z. 
The integrand ydx —xdy 
-2(l- cos 9). 2(1- cos 9) d@ —2(0— sin ð). 2sinQdg- 
-4(2—2cos0 — @sind)dé — 






0 


“Qn : 
| So, | yde~xdy - 4 f Q-2co50 -0sin6)d6 
] 


2x 


=8f dé - s feos -4 | Asin 8d 


0 
| =167 -8[sin Ol?" — 4[-Ócos + sin gy" 
-247 


16. Evaluate [F. dr where F = Qa- y)i ^ (a— y)j where C is the arc of the eycloid; x-a(8- sin), 





. yz a(1- cos 8 ) from (0, 0) to (2 za, 0). 
," Solution. 
The equation of cycloid is written in parametric form as 
f x-a(0- sing) => dx= a(1—cos0)d 8 
ae y= = a(1 - eos) => dy = asin6d@ 
a Where 8 isthe parameter varying, from 0 to 2 7. 


OnC: { F. dr = (2a —y)dx - (a- -y)dy 
d ‘= a (1+ cos0). a (1- éosQ)d0 — a cos g.c singd0 

g =a? (1-cos’ o.~ sinOcos@)de | - 4 
E the line integral : * 


2x 


[Par a dus cos! g- -sin&cos do 





2x 2x 2r 
"D, Aen 2 sre s 5 
=a ja a jos dð -a pue (0, 07 Qa, j X 
-mrg. l Figure 4.17 ? 
"dy-y E 


17. Evaluate E PNE 


where Cis the quarter of the astroid x = a cos*t, y = a sin?t from the point (a, d to the point (0, a). 
Solution. 
The parametric equation ofthe astroid as shown in figure 4.18 is given as 
x — à cost => dx — 3acos'tsintdt 
y=asin't => dy = 3asin*tcostdt 
(x, y) varies from (a, 0) to (0, a). 
So, ( varies from 0 to z /2. 











|. Vector Calculus - 





x'dy - y'dx 


xy 13 


The integrand 2 A . 
l : (Qa) - 
_ à! cos? t(Gasin? tcost)dt — (a? sinf t)(—3acos? tsin t)dt 
"T a^" (cos? t-&sin' t)... 
, = 3aPsin?tcos!tdr 
The line integral reduces to 


E B PEP 3 ; 
3a? | sin? ( cos? tdt = 3a"3 2 3a - (a0) 
A 213 16 . Figure 4.18. 












18. Find the value of f (x? +y ?)dy takenin the counter clockwise sense along the quadrilateral yin 
vertices (0, 0), (2, 0), (4, 4), (0, 4). 
: Solution. i 
The quadirlateral as o in Figure 4. 19 consists of four pieces of smooth curves AB, BC, CD & 
DA. 
On AB, y= 0, dy = 0, (x + y)dy = 0 


| 4-0 . 
On BC, y - 0 4229) un 
f 000 y=2x-4, dy 7 2dx 
z ge + y)dy = (3 Qx- Ay) 2dx 
F |. = (10x? -32x *32)dx 


j ( x varies from 2 to 4 
: | OnCD, y=4, A 0 










: (2+ P)dy= | i : 
“On DA, x= 0, y -0 Of A (2, 0) 
Ed + y)dy F j^ LS : Figure 4.19 


x syl [Oty a + Jo ey e otv 
s DA 


| BC CD 


de x . © 0 
+ f 10x? -32x+32)dx + 0 + [ya 
2 4 


E x -léx e| 


4 3 


Pi 
3 3 


abd 
3 
19. Evaluate [dy — x’ ydx taken in the counter clockwise sense along the cardioid r= a(1+ cos 8) 


C 








2 4 


Solution. 
The curve C as shown in figure 4.20 cardiod whose equation is 
r7a(1*cosQ) 
x=rcos@ =a (1+ cos @)cos@ =a (cos g+ € cos? 20) 
. dx=a(- sin —2cos @sin@)dé 











P 


1 


( 





: E. 





he (^. "(cos0, sin rS 





Line Integral In 3 . c7 v on o (ariz | 


y=rsin@ =a (1+ cos 6)sin@ =a (sin + sin@cos 0} 
dy=a(cos 0 + cos’@ — sin’ 9)d0 
The integrand 
- (PA - xlydx) 
- rene si Ga(cos 0 * cos 0 — sin 9)dO . 
— cos! @sin Qa(sin 0 —2cos0sin )d 0 
— ar'cos 8 sin? Q (cos 0 + cos! — sin! ^ cos 0 + 2cos? 0)d 0 
= a'(1+ cos )'cos Asin? G(4cos! 0 + 2cos 9- 1)d0 
= q' [cost sin? ð + 14cos? 9sin! 9 + 17cos! 0sin! 6 
*- 7cos? Qsin? 0 — cos! Qsin! 6 — cos Osin? 0] Figure 4.20 — 





The line integral 
. ay’dy—x° yds) 


2a 
=q | (cos Asin? 0 4-14 cos? Osin? +17 cos‘ Asin’ 0 4-7 cos! Osin” 0 
0 
— cos! @sin’ @—cos Asin’ Q)dO 


=—ain : 
16 j l ” 
20. A particle moves counterclockwise along the curve 3x’ y 23 from (1, 0) to a point P, under the 
action ofthe force | 


r R 


N 
A 


TT 
F(uy)= ite, 
(xy) =2 


^ Prove that there are two posible locations of P such that the work 
done pp is 1. 


^ phe- Dies 








8 -— 2 | 
sin @ dO + 
=Í re Tos ) NT A cos0d8 


[gest isn e 


3B 


= EE 0—3cos 6 


3 


=~——~sin@-3cos@+3 
43 


8 





0 


| Work done in equal to | 















T | : 
‘So, -———-sin8—-3cos84321 © 
453. 7 2 
=> Jano oss 
B i 
—=sinO'| =(2-3cos 0Y 
= (ges) = | 
= Esin? g=4+9c0 8-120050 
=> 28 cos?@ -36 cos@ + 11 = 0 
=>  (2cos@-1)(14cos@-11)=0 ` 
cuui D. Hu 
l 2°14 
So, there are two value of 6 i.e., two possible location of P such that the work done by F 


is1. 
21. Find the circulation of the field 
F--xyb4xyje(y-x* 
_/ around the curve C, where C is the intersection of the sphere x! + y! + z’= 25 and the plane 
f  2=3.The orientation of the curve.C is counterclockwise when viewed from above. 
Solution. 


M 


F=-x yh tay jeg! -X Yk 
Ci is the curve of intersection of surfaces 


mre -25,273 





En a So, at = 16 
‘ae i Tap uat ons dz T a oe 
. FOr G3-3 4520, ^. l SES Ro. ats Figure 4.22 


l ODF a = [dicet 
etie 4 e056, : gone 


oF. dr = Í (256cos' Osin? 0d0 * 256cos! Asin? 6)dO 





2512 | sin’?@cos’ 0d 0 ` 


ai? 


=512x4 [nee 0d0 


«af -128z 


22. If à = 2x°yz,F = xyi -z 23+ x k and C is the curve x-2t,y -P,z- Pfromt- 0 and t 1. 
.. Evaluate the line integrals (a) | ¢ dr (b) f Fxdr. 
C C 





Paa) E ZEN : , MEL Vector Calculus ` 


bs 





Line Integral ` o fam 3 
Solution. 


| . (a) Along C. ó = yz = 20. P.P = gr 





-F= xi + yj+ zk 
=U e) PE 
*dr = (2i +24 3n Kt 


| 
[ear « [a Qi +29 + 37 bat 
C 0 | 


0 
16 « 


i i d 
=i] 160dt + j [teca +k] 240° ae 
0 0 
12 
KOMBAT 
9 J 


BE ap 
(b) Along C, F = xyi - z'yj +x°k 
i = 27-8 7+4Ck 
Fxdr =(20i-t 87440 *k) x (27 + 24 430 à. 
| i j E 
P o 20D E 4p 
uf 02- 2r 3r 
r S a oap Ji (Br =6P)j+(4 «28 x 


[Fx ifea ies jf - 6i asia +20 at 
a a 


p 2 





dius 
— 


j Wa done. moving the particle by distance dr 


(Fax (2x4 y z)dx (x y - z’)dy + (àx - 2y4 4z)az - 
23 2 
The curve C is ellipse SENEC ART 


16 
The equation of ellipse is given by x = 5cos 6, y = 4sin 0, =0 
dx =—Ssin 040 
dy = 4cos0qd0 
dz =0 





F.dr = (10cos0 4 4sin 0)(-5sin in 9404 (5cos 8+ 4sin 0)4 cos 0d0 
=(-34sin ő cos 04-20cos! 9—20sin? 6)dO 
On C, 0 varies from 0 to 2 x 


Figure 4.23 
. So, work done in moving a particle around the cllipse l 







Vector C alciilus 

















So, W- m "i 
-j Cbdsindeos 2000 g- 20sin? ado 
AE 


34 si sin @cosdd0 «20 cos’ 8d -20 | sin? 646 
-0 0 0 . 
24. Evaluate f Fa dr where F = c| -3a sin? 0cos0i - a(2sin 0 —3sin? 0) j +bsin 20f | and thecurve 
C l : 
Cis given by F= acos 0i + asin 6j + b0£, O varying from ^07. 


Solution. P 
F= acosGi + asin0j - bOK 
d = (-asin 0i + acosj + bk) do 
Fedr = c[3a* sin? Ocos 6+ a’ (2sin@—3sin’ 0)cos0 -- ^ sin 20 |d0 
The line integral | 
1/2 2/2 
fF. di =3a°e | i sin’ Ocos@d0+a” el Qsin0—3sin^ 0)cos0d0.c b’c f sin 20¢0 
i ni4 n/4 
mi2 
: in^ 0 3 (3 > nil bc ri? 
E ES 4 d'c| sin” 0 —sin | =y Leos 26|., 


D 


T lx E | Fe 
—a cta «1 des 


és aiti : 
i: / k Lv 7 s 
me A x 
Sa 


an (2 +x°)dy+ ie + y*)dz where Cis the past for which z > 0 of the intersection of 


2x and curve begins at the origin and runs at fir st in the 


Zz 


the Ges gay im 4s, ety = 
_ positive octant. 


“The Cisthe intersection of the two surfaces 
(x-1P += 1 (Cylinder) 
= 2x (Parabolic cylinder) 
The parametric equation of C is given as 
x14 c0s0- 2cos? 0/2 


dx =~2sin %4 cos 9/, de 
yssin8- asin f cos 94 


dy cos 040 


-2cs9/ o | $ 
z= J2(14 co50) = 2cos j^ Figure 4.24 




















biie iuesral p O to wj | INE 7 k NES (aus | l : a 


dz =-sin % d0 


9*2) dee (etx dy ety) de - 


> 


T 0^ 
Baa 2sin Scos d+ Ager nats “8 en 
, 22 2 2 \ 25 


ida mn deni ~sin j^ 
2 2 


. So, the line integral bons l 


fo- +z dee +x° dd ty "de 


= - du Zoos T 3 sin 0d0--4 [o Sra. +Cos 2| cos 6d6 


ri E T 
20072 


The first aad third integral vanishes since, the integrand isan odd function 
_So, integral reduces to 


d =4/ cos? sl: 4 cos? 7 poste 








* * s f E cos? 3 e 4 2 cos? 2) cos 040 
a ee 2A 5e 2 
o & i "ie m A 
e % f 5 E^ 
= J d -- COS VENIRE 6dé 
EN i z T. 1 
Cw ele cos *@ + 4cos" 64: 3cos 0d0 . 4 
LCS SUR os fÍ nn 4[ cos? 0dÓ 4-3 fo COS. gd 
ER 3 i x : 
i ; zh ` zn 
= jon 6d6« 16 | cos ! 040 +6 +6 cos0d0 
-0416-740547 
26. Evaluate the following integrals along segment of straight line joining the given points 
EU [xdx + ydy +(x+ y - D)dz from (1, 1, 1) to (2,3, 4) | 
af xdr + ydy + zdz fiom (I, 1, Dto (4,4,4) | | | 
Alae d oe ee y+2 z 
Solution. 


G) The curve C ‘saline’ joining s i 1)to (2.3, 4) 


sp yep 
Hua Aen LL aste) 
S M eae © ai 








_ The p form of line is given as’ ^ UR NE 
x-ltüy-2ttljz-3t*l 
- dx= dt, dy  2dt, dz = 3dt 
t varies from Oto] 
Theline integral 


I= CE Daz - 


S 


Eas 
? 


“he 





2 [(xty- Dd 


Q3,0 l 
+ f (3t +1)3d¢ 
(1,1,1) 0 





(i) The curve is straight line from (1, 1, 1) to (4, 4, 4) given by 
eftl deed | 
-ttl,dy-dt 
-t 1l, dz- dt 
// tvaries do 0103. 
4 The integral reduces to 
{ í j xdx + ydy + zdz | oe Dat 


5 3t 1. 






vty +z? -x-y2z 
l Bien v 
= V3] dt a 
. 0 l 


23,3 


oy 


-where Cis the ċircle x+y +z =a, x*ytz-0 
Solution. l 


Plt zidet (z+ a)dy + (w+ y)dz . 
=$ TTE 203 E + ydz 





| ahd tye) =0 - Figure 4.25 — 
The integral is an exact differential 
So, PF dr =0 
. 28. Evaluate - E 
p: y dx P dy. * zdz ` 


where Ci is the circle x! + y-R,z- 0 








`- Vector Calculus ` 








Line Integral ag) 
Solution. 
" The curve C is tlie circle x +y=R,z=0 
x= Rcos0, dx = Rsin 0d0 
y=Rsin6, dy=Reosd@ ^ 


2 $ (x? yd dy+ zdz) 
= js "deed dy zdz) 


72 


N 
= [Roos Q-R’ sin Ronos fays P 2 





Figure 4.26 


=—R* f cos’ Osin^ 0d0 +0 
0 vB 


zi2 


--4R f sin* 8 cos? 8d0 | 
0 


EE 
214 


og 7 mR . 
» "8 
/ 29. Evaluate [4 dr along thea curve x' * y' 7 1, 271 from (0, 1, 1) to (1, 0, 1) if 
E k Az=(yz+2x)i veh lays 3i 
A Solàtion. 
The pa Cis the circle of rádiüs 1 with the centre at (0, 0, 1) lying ina plane parallel to xy plane. 


. De e Fe un r (yz ae + xzdy + (xy + 2z)dz 
T Dx = dlxyz + x? + 2’) 
F. gi isanexact diffofential. $o, line meai fA wv is independent of curve joining initial and final 


E points 
d df = JE +22) 


(1,0,1) 


X zx! +Z 2] 
= [2 (OL) 








: S s at 
30. Evaluate Í yzdx + zxdy + xydz where C is the are of curve x = bcost, y = bsint, z = 4 from the 


dedi 


x 


point it intersects z = 0 to the point it intersects z = a. 
Solution. 
The curve C is a spiral given by 


. at 
x = bcost, y = bsint, z= — 
; 2r 


Since, z varies from z = 0 to z = a, hence, t varies from 0 to 27 





y Figure 4.27 





Vector Calculus 


















The line integral 
[ (yzdx + zxdy + dr) 


- fa (xyz) -pyz] 
f ? 2¢ ou 
- |Z siens -0 
| 2x 0 
31. Evaluate [. y! dx z' dy + x dz where Cis the curve of intersention nofthe sphere x^ y! 4 z- a and 


the cylinder x? + yl-ax (a >0,z20) integrated anticlockwise when viewed from the origin. 


Solution. 


f 2 2 
. . . a ; a K 
The curve C is the curve of intersection of x^ + y^ = ax => G -2) +y = x xtyez2g) 


ERES y+ g-g 


=> ztax-gd 
=> z = -a(x-a) 
a a NE 
Let x= -+ cosh => de=-—sinddé 
2 " 
a, a 
y= zsinQ => dy=—cosddé 
Pa 2 . 2 
z = a(a-x) 


= al Sense) 
2 


|2 













>dz= costado | Figure 4.28 


l 2x 2m 3 
sw o( -Zsinoao a (x Ts Cone Z cos6dO [eese cost/dà 
a A ~ 


_0 0 


get a 
= e espe cos oao [cos “dO 


32 ix oy 
= = [cosad6- A cos Od0 + ay cos ag 
me PE 2.5 
5. 
= -å fco s^üdÓ-- a fos’ pdo . (¢=0/2) 
0 0 — 
3 
aa 








Line Integral ` 





1. Evaluate [ F.dr where F is yi + yj andC is y= 4x in the xy-plane from (0, 0) to (4, 4). 
i C 7 m ` 7 X $ 
2. Evaluate f F.dr where F =[-3asin? tcosti +a(2sint-3sin? £) 7 + bsin 24k] and Cis given by 


x 


F = acosti+ asin tj +btk fromt=— to 


RIA 


3. Evaluate jf dí where F = zi tx + yk and C is the arc of curve F = costi - sinfj-* tik from 


dd EN 


> 


Find work done in moving a particle in a force field F -3x!i 4 (2xz — y)] + zk along aline joining 
(0, 0, 0) to (2, 1, 2). 3 
5. IFA=(2 y4+3)i + xg + (yz - xk , evaluate [4 dr along the follor wing paths C 
l C 
(a) x »20,y- t,z»Pfromte0tot- 1. 


(b) the straight lines from (0, 0, 0) to (0, 0, 1) then to (0, 1, 1) and then to (2, 1, 1). 
(c) the straight line joining (0, 0, 0) and (2, 1, 1) 


T 
= 


Evaluate f Ad? where A- (y-z  z)i +(yz+4)j- xzk overa closed loop. C, in the form ofa 


Go 
square of length 3 on the xy plane with its sides parallel to the x and y axis and one of the x vertices 
being x = 0, y=0,z =0. 
| à 7. F - (5xy - 6x)i + Q y= 3j j. Evaluate fi Fd along the curve C in xy plane, y= x? from point 
à (1,1)toQ, 8). i 
8. Findthe work done in moving a aparticlei inthe force field F =3x"i + (2xz-y)j + 2k along 


straight line from (0, 0, 0) to (2, 3, 5) 
REP pue IT PB 2t z- f-t, from f= Otor=1 










(x: =2 »i +(y- 2uj J along the closed curve Cit in xy pláne gi given by 


|. x cosf,y- 2sinf from (70101727. 


PX g 


16. if F= (X+ y ny +(2y- xj. Evaluate Fa dř around atriangle C given in figure 4. 29. 





0 (3, 0) 
Figure 4.29 











Vector Calculus 





11. Evaluate $ F.dr aroundaclosed curve C as shown in figure 4.30. if F = (x yyf es yj. 
| p | | 





Figure 4.30 
12. Find the circulation of F round the curve C where F = yi + zj + xk and Cis the circle of? + yd, 
z=; 





1. 264 2. ze) 3. 3x 4. 35 5. (a) =) 10, (c) 8 
260 — NT. 6^ | 
6. 9 p EE 8. (a) =, (b) | = J 9. 0 10. -7 























i R bie: a dosed TE regions in the x-y plane whose boundary C consists of finitely many 


smooth curves. Let Mand N be continuous function of x and y having continuous partial derivatives E 
: ES 


and ON 


we 
zu 





in R. Then 


J f (m dxdy = $ Max + Ndy 
Ox Oy 
the line integral being taken along the entire boundary C of R such that R is on the left as one advances 
inthe direction of integration.” 
» *%& Proof: We will prove the theorem i in the case for a simple region. R, that is, where the bitu 
curve C can ren written as C= E VJ Csi in two distinct ways: 







x () 
; respectively;and.— o 5 

point Y, QEUR mx. | 6) 

ifve x= =% (y) from the point Y. to the point Y, » sas wn. 


Nue Y, and Y, are the lowest and highest points, respectively, on C. See Figues: l. 
Integrate Mo, y) around C using the representation C2QuC, given by (1) and (2). 


Since y = y, (x) along C,, (as x goes from ato b) and y= y,(x) along C, (as x goes from b to d); as 
— we see from Figure 5 5.1, then’ we have 


puc. y)dx = IMG pessum yid 






(i 


b 
b 


M(x, y (dx - | M Gs y X) 


Im ydr + j M(x, y Q))dx 
| 


= [MG y 09) -MQ y 0) 


F igure 5.1 








Vector Calculus 


b 


- -f(u yG) 





pon) CNN 


yeyv (x) 





bn RS a 
= -Í f aM (x y) — > dydx (by the Fundamental Theorem of Calculus) 


a y(x) 


a 


Likewise, integrate NG, » around C using the representation C = C, UC, given by (3)and (4). 


Since x =x () along C, (as y goes from dto c)and x= x,(y) along C,(y) (as y goes from c to d), as we 
see from Figure 5.1, then we have 


PN ydy = [NO yy | Næ y)dy 
€ G EE 
= [NE OLD HNEDA 


= -[ NEO * NEOA 


c 


d 
/ | 0 JOG: OONO) y)dy 
» B 
t : xxxv) 
5 AA -fve y. " 
í E 1 x) 2 
E. ES l =| i ove. ») N x (by the Fundamental Theorem of Calculus) 


c ae 


dE 





i 
E a a 
Y. G 





There we proved Green’s theorem only for a simple region R, the theorem can also be proved 
for more general regions (say, a union of simple regions). 


1. Verify Green's theorem in the plane for jc xy x! )dx + x dy where 2 is the closed curve ofthe 
region bounded by y -xand x? = 4ay. 
Solution. 


Here Mdx + Ndy 
= (xptx"\dx + x!dy 


ôM . 
M=xtxr >——=x 
Oy 





Figure 5.2 





ip : Onc p= x, dy = dk 





-. Green's Theórem — | a A um , — | i E 5.124 ] - 


yup. 

x l 

Letus firstevaluate the double integral over Region R bounded by x°= 4ay (curve C Y &y=x hee 
C,) as 


N -ôM a 
iS ae f | soe 





00 | 2 px x" 16a 
= Ie x-— |dy=—-—HA z—— 
. s 0 4a 3 16a], 3 
Now letus evaluate the line integral $ Mx + Ndy.on closed curve C. The curve C isa piecewise 


smooth curve consisting of C, and en. 


x 
On C= a dy EL 
Mak + Ndy = (xy + x)dx + x!dy 


x 2 X 
=|—+x° dx xi—dx 
` | 4a ^ 2a 





Mdx + Ndy = (xy + Qk + dy 





j x d e erue 
x varies from 4ato 0. 
: ` 0 ; 
So, | Max+ Này = | 3x°dx 
: [e , 4a l 
=x [ =- 64g 
p 4u 
So, [ Mdx + Nady = f Mdx+ Ndy + | Mdx+ Ndy 
C G C 
SE 208 , 64 3 346.3 3 
i 3 g- 64d =. 3 a ~ 
Since, i] ON oM dxdy = È Md + Ndy 
k ôx Oy a: 


So, Green’s theorem is verified, © 


















: | i i EN vd ly E Calculus 
2: Verify Green's theorem in the plane for fev- x )dx+ Ge t y))dy where Cisthe Pu of 


the region enclosed by y 7 x Zand yHx describedi in positive sense. 
Solution 
Hete, Max + Ndy = (2xy —?)dx + (¢ + y’) dy 


M=2xy-x cs = 2x 
yo 


N=x+y S 2, 
ety ee 
ON ôM _ 


Ox ay 





So, the double integral f f - 2 as dxily over region R bounded Figure 53 
by y 2 x! (curve C ) and y? = x (curve C,) is zero as integer an = a =0 
x Oy. 


Now, let us evaluate the line integral over a closed curve C. The curve C i isa piecewise smooth curve 
consisting of C, & C,. 
On  C,y-x dy 2xdx (Taking x as independent variable). 
; Mdx + Ndy = (2xy - dx + (x + y)dy 
af : = (2x3 - x!)dx + (x? + x") 2xdx 
E. 3k = (2x3 4e — X?) dx 
6C x varies from0tolonC, `> | 
^ 


$0, à | Mas  Ndy = j (2a dx? xd 





Mk + Nae Qxy - x)dx + (x? + ydy 
: = (2yly — y?) 2ydy + (y! + yy 
“3 1 = (-2y* + ‘Sy y)dy 
Uy varies p l toO on C, 


jussa [c ay 5 yy 


0 





2050 5098 =] 
3 3| 
So, [Me gre Le Maar 0 y 
G . 
; ON ôM 
Since, [ || —--— | dxdy = 6 Mdx +Ndy 
=) t paso 


So, Green's Theorem is vile. ; M os EE 







Green's Theorem | 5126 | : 
3. Apply Green's theorem in the plane to evaluate $ {(y—sin x)dx- cos xdy] where Cis the triangle 


: 
enclosed by the lines O,x=a, Ty=2x. 


Solution | 
Here, Mat + Ndy 7 (y - - sind + oe y 
0M . (x, 2) 
So, Mz=y-sinx, ——=! | 
- an | _ 2x | | 
N= cosx,  ~.—=~sinx E des n pem l 
Ox | 2 i 
According to Green's theorem y lc 


DIN [25-9 lao K | 
Qx^ Oy > 


y-9 c 
where R is the region enclosed by the piecewise smooth curve 
consisting of curve C, ( y = 0), curve C, (x? Z) curve C, (zy 7 20a as Figare 3.4 
showr in Figure 5.4. 


ON 0M), f 

So, IERA “| 
0 

=} 

0 





[c sin x - l)dxdy 


Ty/2 


H : 


= Jl 


cosx- xE, ndy 


Aue 6 b -1-z- cos PP Jg 
". X E : / 


EN E 
- -1+ ay -Žsin P2 LEY | 
a 2 | 





=-2-7f 
0 







4 


i ) ^j 12} and 7 F =xi + y. find. the value of G(x ~y *)dx + 2xydy around the — - 
ar oundary x 40, x=a; pO and yz bo l 





Here, t thee curve Cis a piecewise srnooth curve consisting of C, (y — 0), C, (xa) C, (y= b) &C, 
Ms 0. EE o 

The region bounded by C is shown in figure 5.5. 

$F.dr = h(x? - y )dx + 2xydy =È Mdx + Ndy 


Here, M=x?-y’, . eM =—2y 


Oy 
ON T 
Ned, oN ry | 
ox C 
Applying Green'stheorem `- (0, b) (a, b) 
ON 0M 
Max + Nay = Nese G F 


ba b 
= aff» ydxdy = ta ydy GS tae ae (a, 0) 


= 2ap? Figure 5.5 














: [sy |] 


|. Vector C alcalus. 
.. 5. Evaluate je sin ydx + e™ cos ydy by Green's theorem i in T whére Cis the vente: with 
vertices (ü, 0, Cz, 0), (x. 12), (0, 2D). 


Solution 


c 20 C is & piecewise Smooth curve consisting of C T 0), C (= a) C; GU = 212) & 
x= 
The. region R panded by Ci is as shown in figure. 


$Mdx t Ndy = $e sin ydx +e cos ydy 
Qu © C P hf 
Here M= e“siny > = e“cosy: 
" 5 H ' 


ON vac 
N = e?cosy => ——-7 - e“cosy 
Ox 








Applying Green’stheorem — 
Ó 
Ma + Ndy= pa- M yar : | Ms 
anri? (0, 0) C,- (x, 0) 
= -2f f e “cos ydydx l Figure 5.6 
Zé : 0 0 TUM 
Pi 0 = 2[e"[sinyg dx 
BUE feanen 
ES B E d 0 
D TEE 
: * = Aer - Is. 





6. Verify Gres theorem i in the pang for $c -x)dx«(y - 2xy)dy where 2 is the square with 









_ Nay 


- Let us first evaluate the double i integral over region R bounded by curves C (y= 0), 
C 2), Cy = 2), ME 


fee 


Now, let us evaluate the line Mens as closed curve C. The curve C isa piecewise smooth curve 
consisting of C,, C,, C, & C, 
On C, y=0, dy =0 
Max + Ndy = x'dx 





m 


7 os 


i, On C, x - 0, dx - 0 


Green's Theorem 





x varies from 0 to 2 onC,- 


x 
[nenne fe d =% 





nC, xe dc ! 
Max + Ndy = (y! - 4y)dy 
y varies from 0 to 2 on C; ` 


| Mdx+ Nay = jo zi 
G . 0 











On C, y -2, dy - 0 | 09 4&4 Q9 
Mdx + Ndy = (x°- icd 


Figure 5.7 
x varies from 2 to 0 on C, . 


[uae Nady = m -8x)dx 
C : 2 





Mdx + Ndy = p 
X varjes from 2to0onC, 


NE 
J y i 
2 








rome (Z-a SOMRE 


So, Green’s theorem is verified, . 
7. Use Green's theorem to evaluate the incor fe dx+(x+y dy, where C is the closed curve 
given by y=0, y=x and y=2-x inthe first aani oriented counter clockwise. 


Solution : 
. The given integral is is 


xtd ee y! dy = Max + Nay 
So, M=x,N=xty 





..-. Vector Calculus 











According to Green'stheorem — : 
d Mde Ndy = (Z-a. 


(Ri is the region of integration as shown in Figure 5.8) 
So, E +é +y \dy = ff dxdy 






y=2- 


1 p2-" 
ü Sd, dxdy 
= | 2-3 -y)dy 
3 F 
= fy 2 l Y Figure 5.8 | 


8. Let F = (X - xy )i + y! j: Using Green's theorem, evaluate the line integral js :dr, where Cis 
tlie positively oriented closed curve which is the boundary ofthe region enclosed by the x-axis and 
the semi-circle y — Vi—x? inthe upper half plane. y | 

Solution. 
Ē=(x -xy )i iylj 
So, FedreQà -gi +y] 
,/ According to Green’s theorem 


= ON ôM 
dena Jud 
di (Ris ihe region ofi integratign shown in Figure 5.9) 
= | f Daydyds 


ae 


=f" yar. a | RS E "E 


7 -l 5 Ny 


| =f xü- x 385 0 qoe: 0 iff(x) isodd function) 


-( 





Figure 5.9 


The given integral is 
f (cos xsin y — xy)dx + sin x cos y dy 


Where curve Ci isacircle of radius a and centred at origin enclosing region R as shown in Figure 5.10. 


oM 
Here M = cosxsiny - xy => y COSXCOSy — X 


N=sinxcosy. => T COSXCOSy 
i x 


Using Green's theorem 


ON OM 
È Mdx Nay = (eS dxdy 











Green’s Theorem 





2d = [rising dr =0 
f 0 
10. Show that the area bounded bya id closed c curve C is given by 





; ! E Figure 5.10 . 
nd n -ydx. Hence find the area of the ellipse x = acos 9, y= b sinO 
‘Solution . dede v iis 
kodie to Green’ S een: if Ris isa aie region ionda bya TE a curve Cas shown 
in Figure 5:11 according to the Green's Theorem 


T-X en $ Md + Ndy 


Let us put M= —y/2, N 2 x/2. © 


a x) ôl yv) 
S : VE xd EE d x ——|—|--— —2 'dydy . 
5 TE yok jez) A zay 


= | | dxdy Figure 5.il 
. = Area of region R bounded by C. 
: ( So, area of region bounded by Supe closed curve C is given by 


p | joe dis 


For as ellipse, x-acos 0 => dx=- ásinüd0- 
í & y asin f = dy = acos 0dO 








"xdy - ydx = d os Qbcos Q— bsin 8  (-asin 0)d 8- abe 9. 
So;area of region bounded by ellipse ` 
" . 1 lgx ~ ydx 
= =f abdo 
2 0 
E J d6 = nab 
2 


1i. Apply Green's theorem in the sine to evaluate fer — y )dx ^ (x? + y’)dy where C is the 
C 


boundary of the surface enclosed by the x-axis and mi semicircley= Ja? - x 
Solution 


. . . . a ee | 2 ? i 
Curve Cis apiecewise smooth curve consisting of semi circle C, ysva-x i & part of x axis C, 


. (y=0). ; 
Region & is bounded by curve C as shown in Figure 5.12. 
$Qx - y Mx (8 + y!)dy = $Mde Ndy 











Vector Calcülus ee 





Here M= woy M oy: 
Oy 

Nex ty, ON 2x 
Ox 


According to Greén’s theorem 


— $Mdx + Ndy = fz- Ma dy 
€- R 














ams (- a, 0) C. (a, 0) 
a \a*-y? : 
=2| | e» - Figure 5.12 
QuES 3 
= 2| [ »dxdy : 
a [2-2 y? 
(Since, | f(x)de=0iff(a)=fQy)s0. f _xdr=0) 
=u -a22 
an 
= af fr "sin @.rd@dr (converting to polar coordi 
FA 00 
a 
a = a[r?| cos 6]5 dr 
; 0 
Ó d 
DT -4 | r!dr 
A į 0 
Ps 4a° 
x j pam = 3 


g 2. veli Green's orem inthe plane for $ (3x? -8y od + S i 3xy)dy where Ci isthe P of 
| be ed by x= 0 y 40, xtyzd* 1 





Th en on inal is 
$e -éy )dx + Qy- 3xy)dy = $ Max + Ndy 


Here M= 3 - 8, 2. 16 
ay 

N= DET ON ay 
Ox 


C is a piecewise smooth curve which consists of C,(y = 0), C(x +y = a) & C,(x = 0) bounding 
region R as shown in Figure 5.13. 
Letus first evaluate the double integral 


ON oM Des l 
(a = 2 MN =] E | ydedx 


13f 2 3a-x 
p ] à. 


- Green's Theorem 





| Now, let us evaluate the line integral 
On C, y = 0, dy = 0, Mdx + Ndy = 3x'dx 
x varies from 0 to a. 


f Max + Ndy = jp dx = 
G 
OnC,y-a-x, dy = e^ l 
Max + Ndy = (3x - 8y)dx + (2y - 3xy)dy 


= (3x? - 8(a - x)dx + (2(a - x) - 3x(a - x))dy 


l = (-8x? + 19ax + 2x — $æ - 2a)dx 
x varies from a to 0. l 


. | 
| Mdx-- Này = [(-&? +19ax+2x~8a" - 2a)dx 
C s 


a 


i l 8X 19a" i 

4 ^ 0 oe Tg te (8a 4 2a)e 

o po aa 
eo 


onc, x=0; a 0, Mdx + Ndy = De 





^ pulos - jj dys-d 





$e plc ay = [uice npe [idee [ies M 

C Cy 

eese] 

6 - J. 

13. 

= ee . 

Hence, - $Max« Ndy = [(&- zd je 

wi Ox Oy 


So, Green’ theorem is verified. 


Pa Evaluate the line integral dr xdy — - dx taken in the positive direction over any closed continuous 
E y - 


curve C with the origin insidet it. . 
Solution. The given integral is 


pem. § Mars Nay 
xy 





e 
Figure 5.13 





E 
1 
I 
H 
F 
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À 
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. Vector Calculus 











2^5 


ae 
















Since, M& Nare not continuous at origin O. Hence, Green’s theorem will not 
hold good for the given curve C. 


Let us enclose the qrigin by a circle T ofradiuse 





Consider the region R enclosed by curve C' made ofC, C T, C. | Figure 5.14 
Mand Nare continuous function of x and y having continuous partial E 








OM. 
oy ox ; 
E RBS, | C 
Oy ` dy\ x «y^ 
l0 y)ey3y . Wy ee a7 
(+y Y (x? +y). GC «yy 
ON O0! X |. Loo). LINE, Figure 5.15 
& Ox x’ ty Gc e y)y (c v y^y 


So. line integral in Mdx + Nay over curve C'. 


> ju + Ndy= jus Md + Nay + l Mdx+ Ndy + J Mdx + Ndy + J Max + Ndy =0 


| jt N= [iei 


Hip ar fae Nap tes Nay 0 


ju i+ Ndy = fas iy x Y ; WT uw 


figure curve Dis oriented in negative discos 
On the tutve V zx =e cos > dx = - e sin d8 
y =esin ð > dy «e cos0d0 


Ó varies from 2 z to 0. 
j xdy - ydx 
A x ty? 


e cos@. e cos0d0- e sin 0(—- € sin 8)d8 


d@=-2n 


yeo Yoo 


So, from (1) [Me END -| Ma Nay 2x 


14. Using the (ite integral; emp the area of the loop of Descarte’ s folium x? + y’ = 3xy 
Solution 


Putting y = tx in the equation of folium °° ^)? = 3xy 


o amc i ec Él 


Green’s Theorem < 





l M 
x= p iym ane : 3 
144 1: 
- Lett tan 8 where @ varies from Oto z /2. 
x 
So. f varies from 0 to co, 


> 3 
va coda) s 


dx E 
(leery 

E 

d 3(2¢ 1) 
(+P) 


: L 
Area of loop A= > | xdy — ydx 


9* pg 


2- (4B) 
I5. Verify the Green's ae 





i 


Nf Gee 


2 


[Q-2°)yde+ (1+ y! )xdy where Cis x? + = 


/ solution 


y Here $ Max + Ndy = $ (L-1 )yde+ (14 y dy 


d : ôM ee 
So, M= (1— xy ———-i-x 
* , E D 


^AT 


àN i 
N= "(ry S TlH. 
Ox 


3 Let us first oval date the double integral over region R bounded by the 
I s shown in Figure 5.16. 


i [fep +x dy" 





- Now let us ore the line integral Max + Ndy as the closed curve 
C(x * ys 1). 
On C.x 7 cos — dx - —sinGde 
y=sin@ —dy - cosdO 
8 "un from 0to2 2. 


Figure 3.16 


N 
33 


d Made + Ndy - f (1— cos? 6) sin &(- sin 8)d8 + (1+ sin 9) cos0 cos 040 | 
. 0 à 
is jc sin’ 8 -- cos? 0 1 2sin" Qcos" Ajd 
0 


A su | 
-[ sin 0d0+ ‘cos +2 | sin? 0cos? 040 
0 


oe 





` Vector Calculus: - 


zl2 


-mJ4m7i8 [n sin” ? B cos? odo 


AEDE 2 La 
. "0$ i3. 
T 
Since, f f ee aM | dxdy = $ Max + Ndy 
WO ð) 
Hence, Green's theorem is verified. 





16. Verify Green's theorem in the plane for Play +x+ y)dx+(xy +x- y)dy where C is the closed 





y2 E C 
tA y 
curve — 4 —— =]. 
9 4 


- Solution 
Given line integral is 
M dx t Ndy = Play x4 y)dx ^ (xy * x - y)dy 


aV 1 4 

















„M=iy+x+y =x el 
f Oy 
E: a oN 
P4 : _N=xytx-y = -ytl 
/ : Ox 
? í 5 s i p E UR 
*  Letus first evaluate the double integral over region R bounded by C =< W 


Figure 5. Y. 
dS d 





S 
ao 
S 
I 


| f[o- dy - 


=[ [vod] 
N : -3 249.2 





PEST Í Fads 0 if f(x) is odd) 


Td 


Figure 5.17 


Now, let us evaluate the line integral $ Max + Ndy onthe curve > + 7 =], 
On C, x = 3 cos 0 — dx = -3sinĝ d O 
y=2sn@ —dy- 2cos 6d 8 
9 varies from 0 to 27. 
| Mdx + Ndy = (xy +x + y)dx + oe * x — y)dy 
ao GLOSSAE 0)(-3sin 0)20 
| x - (6 cos 0sin 0-- 3cos 0 — 2sin 632 cos 080) 


= (12cos^ 0sin9. -18cosOsin* 9 -5cosOsin 6 — 6sin* 0-- 6cos^ 030 








' Green's Theorem 





So, the line integral 


A . 2x te -© m` 2n l 
Made + Nay = 12 | cos" Osin 60.18 | cos@ sin” 040—5 | cosOsin ede 
a 0 0 


; -sf sin? 6d0+-6 | cos! 040 =0 
| | J 
2a 4 . 
Here, we used | f(x)dx = 2| f(x)de iffQa-x)- f(x) 
f - 0 0 
DUE #0. iffa- x) =—f (x) 
| an (an l 


l cos? 0d0 = a sin?0d0 = 
. Xo Bu. 4 
a. Veiily the Gies S md , à 
boy +x+ y)dx+(xy+x- yy s Where Cis the circle x? + y! =x. 


Solution. 
The given line integral | 
j : aM 
: LM DURER ao 
rd ] ay 
: ON 
f e c SEES ey 
£ Ox 


Let u3 first evaluate the line integral over region R bounded by 
C : xi y! & x as shown in Figure 5. 18. 





P vai [Ty 





A j : = 0- ffreos Ordrd0 Figure 5.18 
p l x/2 cos f : 
= J f r° cos Odrd® (Equation of C in polar coordinate is r = cos 9) 
-u12 0 i 
a/2 2 cos i b. 
m J * cos 040 
-n2 ~ |g : 
1 n/2 
=- f cos’ 040 
-7/2 
ane 


eife] 040 
22502 r | ZU A 
T | | EE 





25 8 
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- Now, letus evaluate the line integral $Mdx + Ndy over the curve 
C:x4y-x-(x-HmJey-l4 
On Cx e Lalooso dc e - Lain ode 
2.22- 2 


1 d l 
y= 7518 = dy =7c0s0d0 


i + Nay = E —— | 
= edens sino Le eost sint 21) 
2 2 2 2 2 2 2 
+ ++ Loos0 Esino +5 43.0080 sind T costó l 
2 2 2 2 2 2 J2 ; 
NNUS ee ad ne | 
=| -—sin* 0 -- —cos* 0 — —cosÓOsin* 0 
8 4 8 
l 2 į 1 . l 1 z 
- +—cos’ ÓsinÓ - —cosOsin 6 -- — cos Ó ——sinO ld 
8 8 4 4 


2x ] 2x 
f cos? LAE f cos sin’ 6d0 
0 


: 2r i 
So, Max + Ndy = = f sin? 0d0+ 
C is 8 0 0 


L 
4 


2n 2n 2n 2r 
m | cos? Osin? 040 —. | cos@sindd0+— | cos0d0 - = Í sin Odo 
g 3 4 43 


à (Peg 0 0 
PEE 


8 
18. Evaluate d ine integral f yx + xe” )dx 4- (xy! + ye” —2y)dy using Green's theorem where Cisa 
| C l | 


— 
r 
# 


There regio n enclosed by a circle of radius a as shown in figure. 
"Jor xe" dx 4 (xy + ye” -2y)dy = | Max + Ndy 


C 


1 . oM E 
Here, M = y? — ye => dy = x) + xe" 


ON, 
N= tye'-2) ee ey, 





Ox 
Applying Green’s theorem 
| ON” 0M Figure 5.19 
Mens - I pn 


- ffo -x -xe ")drdy 
Changing. to polar ae 


a2n E : 
= f [ (r sin’? 0 -r° cos? 0 - r cos 0e" ^), qggr 
00 


Green's Theoret 








+ 


- {r (foe eao |a- j oo na | i [1e 


9 0 0 


-20-0-— ptem dr 20 


xdy - es 


round the circle x + y! = à? in the positive direction using Green's theorem. 
x +4y? g 


J^ Evaluate as 


Solution. 
The givenline Sd is 





orae 25 = $Mas+ Nay 
Lox tay’ is 


Comparing the two integrals, 
y UM cee | 
x! «Ay! ? ay 2 Gd +4y')? ~ Gd +4y’)? Figure 5.20 
x ON -x +4y’ 
f The curve C is the circle of radius a. R is the region enclosed by the circle x? + y? = a, 


r M and N are not continuous at origin. So, the Green's theorem will not hold good for the 
f given line integral. Proceeds similarly as done in question (13). 


/ 
£ [Mixt Nay = 1 Mad + Nay 


M=- 





N= 


sare l " Jp je 
x +4y?* E: 


Jes nc ee E O CORR NE : 

SIGE Se ERE GNE GRE IE UE ae O x=ecos0, y= 0) 

(dà € cos +4. sin’ 0 £ E j a Fag ) 
2n f l DA UE E D 


Vet Iw ae a0 
ssp : o cos’ 0+.4sin" 0 
i&sl 





sec? 0 
» 1+4tan’ 0 


. M 
otf Ss 








EE sec’ 6 
= j —d0 

1+ 4tan’ 0 l Figure 5.21 
2 Sec *9 


~ 0 
* dt 
4 

I 4 


-4 





loo 


ieee 


| 
4. p^ 2f 
2 





io 









1. Verify Green's theorem in the plane for 
i B e . * * . 
on xy plane and ie sides parrallel.to the x & y axes and one of the vertices at origin. 


4, Verify Green's theorem in the plane for $G -2y)dx * (y -2x)dy where C is closed curve in xy 
C c : 


z 


plane given by x= cost, y = 2sinf fromt-0tof- 27. 


3. Verify Green's theorem in the plane for $ (x y )dx- y - x)dy where Cis the triangle shown in 
C : 


figure. 


y 


(32 





(3.0) 


4/ Verify Green's theorem for $ (x+ y)dx * (x — y)dy where C is the closed curve bounded by y= x 
7 C 
( andy =x. 


5. verify, Green's theorem for È ydx +:xdy where C is the circle x? +y =a, z - 0. 
0 à t 


" 


























A iiec which is viloni o ona perm is scalledé a mum el 

Suppose S is a piecewise smooth surface and F (x, y, z) is a vector function of position defined and 
continuous over S. z E. 

Let P beany point ofthe surface S and let 7 be the unit: 
vector at P in the direction of outward drawn normal to the 
surface S. Then FA isa ‘component of F normal to surface 
[o point P. The integral of Fi over the surface is defined as 


"Bids. 5 spa 7 ai 










N 
* 


-A Thésurface integral [E -ndS is also called flux of 
. d 3 





| Figure 6.1 





5 70 Nie Ô isthe angle between À and Å vector 
CN, a j a 
Ag 3cosQ = |f-k| 
i dxd 
So, ds= TF 
p |n - k| 


The unit vector in direction of normal to the surface is given by n= y vsi 


. So, FF. VS. 
IVS 
Hence, p F.üds = E [Fa [2 
! "y -kl | 
Theregion ofi integration R for the double i integration is given by projection of S over xy-plane as 
shown in fig. 6.1. 


Similarly, dS = 





dydz 


[i-i] 












Vector Calculus 


1. Evaluate [P4 adS where F = yal + zxj ey and Si is that. part of the surface of the sphere 


S 
rt y + 2 =a’ which lies in the first octant. 


Solution. | 
The surface of sphere vr+y+z=a' is shown in figure 6.2. 
~The sphere belongs to a family of level surface given by 
S=x+ y +2=¢ 
So, the unit vector 1 n at any point P is given by 


VS _ xt yjtzk 





Hz — 
\VS| a 
T 
n-k — 
/ a Figure 6.2 


F.h- (el cp agi C EN 
a 








Figure 6.3 


(The region of integration of double integration given by R) 


zoj ]? cos Osin 0 dr dO 
0 


tl 
Uu 
om} 
poele 


iT 
a cosOsin0g0 © 
4 |, | 
4 n2 


E [ cosOsin 00 
4 | 


0 


_ 3a" sin’ 0 oor 
A 2 2 


2. Evaluate [eo ndS where F = zi «xj -3 y ok indi is the surface of the CUR x +y =q along 








with the m included in the first üctanit between z=0 &z- b. 








Susface Integral | 


Solution. ^ 
The cylinder is a piecewise smooth surface consisting of S. Sd and S; where Sis lower base z ^ 0, 
S, is upper base z= b, S, is the curved surface of cylinder, as shown in fig. 6.4 & fig. 6.5. 


fi is an outward drawn normal to surface. S, 
fẸ-àas = [F. oo zx f ds 


AY $i 


On S; ñ=-k, z= 0, dS = dxdy 





Fea F-(-#)=3yz=0(as2=0 08S) 
So, [Fads «0 "d 
5 y 
On $, i E. z= b, d$ = dxdy 
| Fa 3yz = by? . | x i 


Figure 6.4 


So, - [Fa dS = - x [sd 
S: 


af fr sin? @ dr dð : 


i 


=. = omg 


0° 
RC sin? 0 d8 
4 |, 





ni2 
, “bai |. sin’ 0 d@ 
" A EOM . T 


The curved surface S, belongs to family of level surface $&x! + y! = constant Figure 6.5 
„The unit nøral vector to the surface S, is given by 


bN EE. vs xi xi+yj g 
"s g7 ‘Ws o 3 
„For Sy E RA Bun is zk): (xi + yj) 
2 a. 
| - Ley) 
: d$7 ad0dz 


On S$, x = acos0. y - asinO 


zal l ; . 
So, F-n = —[azcos@ + «'sinOcos0] 
a 


— zcosÜ + asinO cosQ 
The surface integral becomes 


b n/2 
[Fa ndS = i fe cos 8+ asin Q cos 0)adOd 
5 (00 


| b nil 
is «J| sino Sin: g dz 
ona 2^ à 


0 















E Vector Calculus 





Z z 
= —dM4T-4 
5 2 | 


29b (geb) 
S [F à dS [F 4 dS 
EA dS nast "HB + AA 
Jens ñ d. ae ; 
z 3 gafb (ab) 
18 


3. Evaluate [F adS , where F =(x+y’)i-2xj+2yzk and Sis the surface of the plane 
. Evalue nds , an 

$ 5S : 

x * 2y + 3z 7 6inthe first octant. 


ME plane belongs to the family of level surface given by S=x + 2y + 3z 7 constant. 


A unit vector normal to the surface is even by 
vs i+2 j +3k 





n Ws J14 " 
Boge elt) 44 907] 


[x+ y —4x+2y(6-—x-2y)| 





E zu ES 
1 3 (6-x »» 


Figure 6.6 
_ Laay- 3x- -3y eu 





14 
. duy 2 via, dxd 





ET pt x Figure 6.7 
[F-Ads = A J Qy-3x- 3y? - 2xy)dydx 
o 0 


(The region of double integration is shown in fig. 6.7) 
= 


6 
= fiy -3xy =) -xyy dx 
0 


dia on 21 | 
TE, EQ 


= 8 
Ý 
4 6 
_i pie FIIN 24,5 
=3 32 44 Ig 


ZK i b :=4 inthe 
4. Evaluate [F Fad where Peyi 42xj- zk and Sis the ae of the plane 2x + y=4 inthe first 


octant cut: off by the plane z 7^. 





H 
i 
| 
Ht 
i 
‘| 
t 





D STOTT PAETI PTET ip U SRS ETE PéLg emen creer 








Surface Integral — 





Solution: 

The surface of the plane 2x y- 4 belongs to family of level surface S= 2x + y = constant. 

A unit vector normal to the surface 
. VS w+ 
n=—= 

n Vsi V5 

oa m UA ps ^ ^ A 2i F j) 
The integral F-n = (yi*2xj-zk) 
45 ) 








"s Mot: a 





Figure 6.8 


ijui a 


Now, taking projection of the surface on xz plane as shown in fig. 6.9. 


ipu e. eas 
p j 


F -ñdS 7 (x+ y)5dxdz 
= 2(x + y) dxdz 
= 2(x + 4 — 2x) dxdz (y=4-—2x from the equation of surface) 
= 2(4 — x) dxdz z 

So, Surface integral e ; 





E! [5 AdS = ajje m ; CHEER oo 
po l 
fos = af m - dz i 
E l 2 la x 
B Po [n 
~ 5 7.8 nje -48 E Figure 6.9 


2s. Tf F 22: yi- zj 4 x k and Sis the surface of the ei cy linder ue 4x in the first octant bounded 
" bythe planes ys 4and z=6 then evaluate JF. nds . 
Solution. | 


The parabolic surface as shown in fig. 6.10 belong to family of level surface S= 4x — i" = constant. 
- The unit normal vector to the parabolic cylinder is given by 





. VS 2i-y 
n= ——-—— = 
VST fy? +4 i 
F-A = (2yi -z+ x E)- Qi- (i-y) 











Figure 6.10 


mo 
E 
= 
+ 
4A 








Vector Calculus ` 








MEE i 
dS = - PEEL | 


F -adS = — ~ (Ay +yz)dydz l 
So, the surface integral s to double integral WAS region of integration R is given in fig. 6.11 
a ñ dS = zleti 
Region R is ie projection of parabolic cylinder on yz plane 


ps nds =T Í jev yz)dydz (0, 6) 





2 

6 (4, 0) 
= [06428 : . Figure 6.11 
0 


6 
2 y 
Z| =168 
0 





6. Evaluate i n dS over the entire surface of the region above xy plane bounded by the cone 


Part y and the plane z=4if F - Axzi + xyz? j 432k. 


= 


The conical surface S, as shown i in the fig. 6.12 belongs to a family of level surface given by 
Y (0S2 cy =z" = constant. 
The nit normal vector to cone is given by sh 


V5 xi i + yj —zk 


IMS] ety tz? 


A= (Axzi + xyz" “f+ 32k) 


SS 





4x z 4 xy z -3z? D 


pas S _ 
jx i 2 PREE 
i ES 2 x X Ty +Z. 


n —Z 


Ad UE ——— x 
n k (ery ee ! ; Figure 6.12 
dxdy jx ey ez 


là -kl Z 





dS = dxdy 


E 1 , be 
F.nd$ = —(Axz + xyz - 3z)dxdy 


= (Ax? + xy'z — 3z)dxdy ` 
= (4x? + xy/z ~ 3z)dxdy 


= (4x +2 xy fx ty? !-Xe ty x ey! Jdidy 


So, [F5 dS = MES ext y Xx ty? y | acy 
b l : 


R 





F igure 6.13 








Surfüce Integral ` 





- (Risthe region of intégration given ib REN 
of cone on xy plane as shown in fig. 6.13) 


4 » der y 
S dxdy —3 [y dubi jaf | boy dui 
j MEC zd j 
; 2nÀ - Moi 
= 4 | [1° cos! 6ara0 —5 | Jr?ardo 
00 Qu 
2n 2x ol 
mal cos’ 040-3 |= a0 
s EE o 3h 
z = 256f cos 6d6 — 64 [ de 
: a 
= 256r- 128r =1287 p Ah 1 
On S, n= k,dS 7 dxdy | 1 
Fen =32= 12 1 
j F -â dS = 12[ [duy : 
Ss ` 
E - 192r 
- So, [ F-ads = ps lá ds + | F-R dS 
S 5i Sy 


= 128n+192n = 3202 
R Evaluate ( $ +y dS. where Sis the surface of the cone z? =x? + y’ bounded byz 20 & z= 3. 


Solution. 
Upper part ofa cone is given by 


x E i , z= x+y ^|. asshowninfig. 6.14. 
,. MN D 
/ 
o£; 





im) family of level surface given by. 
Mx? + y! -4- constant. © 
; Quid drawn unit normal vector is given by 











Figure 6.14 





Sis a piecewise smooth surface consisting of conical part 
Syiqi ty? =a ondas: : z= 3 as shown in fig. 6.14. 
Ons, 00 zu | 
S, [G^ «yas = [J «ydo 

Si R 








Kertor Calculus 





6.15. 





? 2x af Qn 
= [71 ao 32 Te 
3 4l 4 0 
S2 . 
= T 








OnS„z=3,  dS= dxdy = rdrdo 


22 3 ` : l 
[@? «ys = f [ r?rd8dr Figure 6.15 
Sy 0 





7 
/ So, je +y ys = [e d oer + y dS 


x sili, KJ 
A ouo wi DS —Rfü 


M4 c aa) | 


. 8 Exile di surface ‘integral | [7 — Where Si is the p portion of the ius of the hyperbolic paraboloid 


4 z= pak by the cylinder x'*y =]andris the distance fom a point on the surface toz axis. 
Solution, . ; 
Surface of hyperbolic par aboloid belongs to the family üt level surface S:xy-z7 const. 
The unit normal vector to surface is given by 
OVS. yi+ x -k 


ù= = 
IV.S] ux +y 41. 


l 


dS = a M one +y + i dxdy 
n 


So, the surface integral reduces to a double integral 


EM ce 





à- = 


s P Jo y 











Surface Integral 








- where R is the region of integration of double integral'as shown in fig. 6.16 which is projection of 





surfaces on xy plane. 
Changing to polar coordinates 
. x 7 rcos @ 
"T y=rsin@ 
dxdy = rd @dr . 
Jerry +l 
[= || = dxdy 
lara 
12n 
=| [ Vl+r’ dOdr 
00 ü x 
I Š Figure 6.16 . 
= aj dis a = 
0 : 
n Vite l { 2 i: 
= 2n|—vl+r° +—logirt+vl+r 
{2 2 |, 
= n| V2 log! «42)| 
9. Evaluate z 
T d 2 
) I- if a: + dzdx ^ xz! dxdy 
: where Sis the part of ee xb +y +z =g inthe first octant. 
Solution. : 


= She part of sphere x? + y! tz ag lying the first octant as shown in fig. 6.17 


S belongs to family of level mone byS:x'ty' *z'-constant - 
NS d d unit normal vector to S, 








" R xs iul 
: dà ps E 
OR a 
g IS = _ deb =" dedy 
n: kl 


The given integral can be written as 
ff xdydz + dzdx+ xz *dxdy = [oi 4j xck)- üds 
E f F-ads i Figure 6.17 





Where F = xi+j+xz i 
xi + FILS 


Pasai jer 
E. 


ae Gs + YHA: ayy 


l 
a 
[Faas jea +y+xz y 

















, " A . ; ` T 2 
10. Evaluate the surface integral $ z cos dS over the surface of sphere x? +}? + z? =a? where 0 is the 


Soliition. 


? 


4 


5 $ 
So . f 2c0s 04$ - [rens d5 [rta 
l M Sy 


“Over S, gp" dxdy, z« ja? -x -y 


- Ii pee —x ayy dxdy 


Rye TX =Y ; 
(Risthe region ofi integration 
as shownin fig. 6.18) 





ie (aa + [= tte [sta a 


gya -x'-y "dec -x'-y 


a ni2 a n/2 


i r’ cos Oa ut [i r^ sin Sn? agg. [ [^ ie —r)cosOd0dr 


33 later = 0 ar 0 0 
an y —r) dr 
= i 73 n 0 = di Jer rd 








y 


3 5 NY 
nd am Yr i | 
=——+—+ -— 
"RE UE : 
u + 
na na 2a l Figure 6.18 


6 4 15 


inclination of normal atany point of the sphere with the z axis. 


, Sisthe surface of TE consisting of 





upper hemisphere S, :z = Ja’ - 3 — y? and 


Idwerhemisphere S, Z2 N C- y as shown in fig. 6.19. 


g ET zios 0dS = Ja? -x -y ^dxdy | 
Over S; ds cond =dScos. aA. $) -—dSposó = “ey 


» dE = 2 
2 2000 Z5 -x-y 


P- 


cd vog zcog ods = ja-x-y* dxdy 


. Since projection of S, and S, is same iex +y? = C 
f zcos 025. [zes 02S 


a^ -x! -y dxdy 


tI 





(Ris the region of integration 
as shown in fig. 6.20) 





i2 i| i Va - r rd8 dr 
00 


Figure 6.20 


Vector Calculus — . 








- Surface Integral 





1i. Evaluate J xedS where 5 is the entire surface of solid bounded by the cylinder x?+ "= a? and z=0, 
: 5 

=x+2. 
on. 
Sis piece wise smooth surface consisting of 
S, : Base of cylinder, z= 

S, : roof of cylinder, z= x+2 

S, : curved surface of cylinder x°+ y= c 


N 


=. 
Iz] 


Solu 


On S is d$ = dxdy 
a aye P 
fxs = f [ xdxdy =0 
AY ~a e 


S, belongs to family of level surface given by S|: z -x= constant. 
So, outwards drawn unit normal to S, 








/ 00. ak 
; ror 
"d v2 
/ t On S, 5 d$ = uy = 42 dxdy 
r4 = 00 ek c 
E E ds ey 
^ Så, : fx dS = V2] m xdxdy =0 
5 -a fey? 


; dadód:, x =acos6, y - a sing, 
mOtox+2 ie.0to2-- acoso 






25 2*acos8 $ 


[ids d I acos0a ded 6 E 





22 f EA 0 6 
dh- £ " - a | cos8-(2+ acos0) d0 
- 2a? [" cos 0402 r cos" 040 
0 0 
= ra TE (H cos od0=0| 
0 A 
So, pF ads = f F-adS+] FeadS+) F-hdS ond 


12. Fvaluate $ F - dS where Sis the entire surface of the solid formed by x^ y! 7 d, z «x * 1 and 5 


is the outward drawn unit normal and the vector function F = 2xi -3 y tzk. 

Solution. - i 
Sis the piecewise smooth surface consisting of S: z= 0, S,:z=x+ 1 and S, :x?°+ y 7 qd (curved 
surface) as shown in fig. 6.21. l 


(On $,220, ñ=-k, F =-z=0 









Vector Calculus 













. atk | . " : zx 
On$,z-x*2, n- 5 (as done in previous pri... 
: l Vz | | | 
| | 
i d F ^ l 2j i | | 
g geta BO P | [| fs 
: l | | 
: dxdy i | 
QS Fi =J2 dxdy | | | 
Izk | | 
F.ndS = (1 — x) dxdy , 5, Mo: 
[FA ds = ffa — x) dxdy yor 
E "ul Figure 6.21 
(«4 yay 
- | | dxdy- | f xdxdy 
-a és 
(R is the region of double ui as shown in fig. 6.22) 
Jg je ) 
- | dxdy | as | p P -0i 
* v w 
\ maT ] 
2 
2 =g 
vá S. belong to: family of level surface S. : x? + y! = constant. 


Outward drawn unit normal vector. 
; NS E 4 xi yj 
n na) 

v Iv T" a 


Fá-lQy gy ), x acosO, y= asin6 


ery 
Fe ndS = (2x39) ad @ dz 
= a’ (2cos! 9 - 3sin *0) dado 
froid tox 1, i.e 0to 1+ acosd 


2a (l+ecas8) 





Hi 


3 4. d ; Figure 6.22 
fF. -ñ dS = f f 4 (2cos* 0 —3sin" 0) dzd® Ue 
5, 0 0 
3 ^ e 25 4 3 ^ ape? 2¢ 205 
= aj Qcos 8-3sin 6) d8-a i (2c0s* 0—3sin^ &)cos 080 
= -ra 
f Fads =| FadS+| F-idS+| Fads 
Js sS J5, 4S 
-0-tza'-— 
2 
= za (l-a) 
13. Evaluate [» X as over the portion ofx+y+z=a,a> 9, lying in the first octant. 
5 : 


Solution. 
Sis the surface given b yxty +z=q inthe first octant. It belong to family of level surface given by 
S:x+y+z= constant as shown in fig. 6.23. —— 2% 








Surface Integral — 











Unit normal vector to the suface$ — — M zt 
5- VS de jtk l 
par (4€ 
6E -— 
5 
d$ = i = 3 3 dydx 
So, [xzds = (ond dydx 
: Figure 6.23 
= Bf | xa- x— y)dydx 
0 0 


(Ristheregion of double integration 
as shown in fig. 6.24) 


a vs 
re V3 [xta -)2—- - 2 
j- 2 3 


(z=a-x-y) 


u-X 


ax 








2d = 43 [=(a-x)' =F ges dx 
P. | E: 2 C EM 
/ | s 83 f | 1 s F igure 6.24 
F > x(a = xY dx = —= a” 
fx i ne o 


14, Evaltate fx dS where Sis the portion of the sphere x^ + y?  z? =1 lying in the first octant. 
Solution. 
__ Sis the suylage 
“Surface Sif y’ +z" = const. 
Ani outward rawn unit qe vector to S. 






of D lying in the first octant as shown in fig. 6.25 and belongs to family oflevel 





ee eer ee 
a " ] : tl IVS] et 
Ta We | 
dxdy 








= d = 


l 
AA z fiery 


dxdy 





Figure 6.25 Figure 6.26 











‘Vector Calculus 


15. Evaluate the integral {Jl- x! - y! dS where Sis the hemisphere z = yJ- -y 


5 
Solution. 


Sis the surface of hemisphere z 
An Outward drawn unit normal vector to S 


=Ji-x -y 


n= xi +yj+zk 
dxdy _ 
ln - " 


dS = 


i 


Er d 


di = 
H 3 s 
Solution. a 






uS isthe surf eof] po a z= 


Re 


dxdy 


Z 


[1-2 -yas = [ir e (z= 
- d k Z 


if dxdy = Area of region R 





2 


l-x? - y!) 


¥ 


Figure 6.27 





(Ris the region of double integration as shown in fig. 6.27) 


[3 3.3 


y. a -x.— y.- 
"An outward drawn unit normal vector to S. 


TY h = xityj+zk 
t is | E ds Exi Qu = rd 
| In-k| z 


d ee Xy 
feyas= JT 7d 


R 











(R is the region of double integration as shown in fig. 6.2 


16. Evaluate the integral I x yds TR isthe hemisphere z = 48 - x' - y. . 


Figure 6.28 
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Surface Integral- 

















xt ø 
EC Noc dd 
ova ~r 
> 2- x 
= Ra 
15 


2 


e F 
distance between a point on the surface and the origin. 

Solution. 
Sis the surface of cylinder lying between z= 0 and z = b on Sas shown 
in fig. 6.29, dS = ad 0 dz s 


17. Evaluate je where S is the cylinder x? +y? = a? bounded by the planer z= 0 and z = b and ris the 








r ; (x Figure 6.29 
7 -= 2mntan — 


/ 3 a. | 
Gs. Evaluate ffe dydz + y dzdx + 2dxdy where Sis the outer surface of the sphere x? +y +z =a’. 
* ^ i “i 
Soluțiom, ' A 
Sis the outer surface of sphere x^ + y? 4 z? =a? as shown in fig. 6.30. Normal to the outer surface 


fe ._ VS _xityj+zk 


3 5 n= | 
i í ivs] a i 
Onasurfaceüfsphere, —, —— v b P | 
| v d$ dd®-asinddd Sn 
fuo 7 = a’ sinOd0dd + 





asinüd$ 





asinüd$ 


Figure 6.30 





Vector Calculus 


3dzdx + z’dxdy) * [Jor +y f+ zi) (dy dzi + dz dxj 4 dx dyk) 
- [o ty js zk)-üds 


= cR sin dedi 


al [G* + y *z')sineaoat 


af [c sin? cos? $*a* sin’ Osin! b+ a' cos 0sinO d$) 
00 


(z7 acos 6,x= asinĝcosø,y=asinĝsing on s) 








/ i n/2 1 
[sin‘ 00 -2[ sin‘ aca =2- 314 . 16 | 
l 0 2[% 15 | 
PE 
|l Gsin Odd = af cos" *! sing = 2 i 21 
214 5| 








a 

Q 

P. 

aa 

a 

a 

ok 2 

8 

aL 

a 

&. Q 

Pa 

: H 

2 
se] i 
T". 

ath p 

4s l e 
a 
(a o 24 





15 4 
| P FOE 7 2 EER a aide OLG Y pa eae 


EE 3 ji 2 4 12. , 
2d T-—mL--—a:21n--—mna 
4 5 5 


= 0,2 dus ndxty 7 ec 


m surface formed by l 
=0,5,= x+y +z= qaas shown in fig. 6.31. 


: E yzdzdx = ffoi + yz j+xzk)-(dydzi + dzdx j + dxdyk) 


foi + yz jx: -AdS 


E E. 
F-adS = [F. nas « [F- ndS + | FA nds + | F- ids , 
S, s 


5 à 





Figure 6.13 
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nas 
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/ Solution. 


Dx 





Surface Integral E 


5, belongs to family of level surface 
S, xtytz 2= constant 








20S, dej 
n= = 
Ws) v3 
-. 1l 
F —= (xy + yz ^ zx) 
di s á 9s. Figure 6.32 
UE = 43 dx dy 


|F F-ùdS = oe yz + zx) dydx 
5, 
(Ris the region ofi meran as shown in fig. 6.32) 
= [[[o* (x4 »Xa-x- y)]ày dx 


aax 


f [ (ax - ay - x°- y! — xy) dydx 


il 






9 0 
Jd a u ay p y! xy a-Xx 

A oo = |axy+——-x y-—-=]| dx 
/ T | = 2 3 we 

f a 2,3] 3 

3 - [a x-2ax ^x To dx 
ay ae 
LA EE 
20. Evaluate the st face nepal $ (ai + yj + zk): AdS where Sis ihe poe side of the cube formed 
by.the plane. 


= 0, y - 0, we 0 and x=], yc GA, 


Sis piece wise E E ^ x= -0, S; y= 0, S, :z=0; S: x= Tos tym 
m E Las shown in fig. 6.33. 


On S, x 0, d$ = dydz, hi -i, F-n=-x=0 


z 
rss 0 | dum 
On $,:y 0, d$- dbi ae | 

jupe | | 


On S, :z - 0, dS 7 dxdy, #=-h, F-A=-2=0 
[Fads =0 
Sı 
On 5, :x 7 1, dS = dydz, ñ=i, F- n=x= 10 
o [Fs = Ios i 


5; 


Figure 6.33 











Vector-Calculus ` Hi 





On S; Lys 1, dS = dxdz, n=j;F-n=y=1 
— 3. LF adS= [[dxdz-1 


So ^ — $F.füdS = [ F-has + | F-adS+ f F-ñds+ [ F-ñds+ [ F- ias e | F- ias 
s S, Sy 5 Ss Sa 
: =3 
21. Evaluate l (xcosa+ ycosB+zcosy)dS where cosa,cosB,cosy are directional cosines of the 


2 
zi 
outward so normal to the surfaces ev Sis the outer surface of the ellipsoid Ž ~+ a + ie =| 


lying above the xy plane, 
Solution. 


a ae 
Sis the outer surface of the ellipsoid = + des =1 a” above the xy penes 
a 


Anoutward drawn unit normal vector to Sis given as 


n= cosai i +cosB j +cosy k 





ay dee ie — dydz'= dS cosa 
i l ñ-iļ cosa 
_¢ Similarly, ^ — dxdy = dS cos E` 
"M A dxdz = dS cosp *.. e d. d ; 
ay E I= [cosa jgosB+ rosas = [| xdydz + yaxaz + zdxdy 
, ^ 5 A 7 , 
Pa A [| xdydz = J f ydxdz = ff zdxdy = volume of 
i E [ FILM a etsi in ris ‘above xy plane = Zake 





` S6 soot yoo seas "3T abo= 2nabe 
2. Evaluate f (x+ y #2) (ax by Tor where S is the.surface T x ey <1, O<z<l. 


Solution; 
Sis the surface bounding the region x y? z1&0xzxl 
_ Sisa piecewise smooth surface Consisting of 
S, : lower base z = 0 
S.: upper base z= | 
S.: sored surface of cylinder, x? +y? = 1 as showni in fig. 6.34. 
On S :z=0, dS = dxdy | 
jes + z) (ax + by + cz) ds 


5 





x [ f (x+ y)(ax + by) dxdy 
= ff (a? +(a+b)xy + by’) dxdy 


` Figure 6.34 





i 7 Surface Integral 


2 
= J Jar Cos ! QE (a by? sin 0.cos 0+ br? sin "yr dr dO l 


Aa 


2l Y a 
Gee 0+ (a+ sin Oe0s0 bs? 0 dO 


0 


ue 
TI A ou, 





eee 0+bsin’ 04 (a +b)sin cos: de 





oy ec 


cos? 040 +- 5 jer pao 20. f sin @cos0d0 | 
à Ü 


Figure 6.35 
- Tus ME 
4 


On S, :z * 1, d$ = dxdy 
J @+y+z) (ax + by * cz) dS 


Sy 


= eee ene 


| dig 
= [esee] ii (ateyededy+ Í J (b +c)ydydx+ cf| dedy 


“ley “Wie? e 
S =, +b)—+ . 
/ (a iy cn 
F On S,: x 7cosQ, y -sinO, dS=dédz, E “2 
i y ferry tz artby reayds 
P 5; ' & 


ak 2n 


{J (cos 0 4- sino iz) Cn 6+ bsin0-- cz) d0dz 
on ; : 


S TAN 


[e i DR A ner! )dz | 


V 


i 
ej 
a 





T Saas I 2en 
2 i 2 +b)n+— 
eq? ON Bari 
[Myra eas 
l Figure 6.36 
e 3 | 





S S 35 


= (a+b) POSU * reci eel) 


= —(a+b)n+— 
T Mor 


23. Find the value of surface integral [f yzdxdy + xzdydz + xydxdz where Sis the outer side of the 


surface formed by the cylinder xit y'-4 and the e x=0,y=0,z=0&z=2. 
Solution. 


S is a piece Nascondi surface bounded by ATE um 0, $, :y - 0, S,:Z=0& ai x! y'-4, 
f f yzdxdy + xzdydz + ES = (ai + Xy j + yzk )-ndS 














Vector Calculis — 


HD 
On Se liz i, d$ = dydz, x= 0, 
So, -. [Fads =0 


$ 
On$,y «0, =>] dS = dxdz, F-n- xy- 0 ; 
So, [F-Rds =0 


5 


On S,, z = 0, =Ñ, dS = dxdy, P n= yz=0 . 
| So, [F-ids = 0 | 


Ss 





* Figure 6.37 


On S, xit y! - 4, s SOT x 72 cos, y - 2 sing 


2 
: ME. 27 4 Xy. 4z cos? 0-- 8cosOsin? 0 
= 2zcos! 0+ 4cosOsin? 0 
ds-2dÓdz ` 
f. F-adS = | [ 2200s? 0-- 4cos Osin? 0) 2d0dz 
| J 
P d E | d P p cos“ NE Re) d0dz 


tv. 








Evaluate [7 È. nds , where Fe ii - x j+(x+z)k Si is sth portion of the ins 2x+2y+z=6 
27 





included in the first anani and À isa unit normal to s. Ans. — 


2. Evaluate | Ads where À - 182i -127+3 yk and Sis the surface of the plane 2x *3y* 62712 


in the first. det Ans. 24 

3. Evaluate [F F. nds. where F= yzi + 2x] + ay an and S is fal raf ofthe surface of the sphere 
s E : r 
x ++ z=] which liés i in the fir st octant. r Sg ; Ans. 8 


4, Evaluate F. ads , vite Fezit+x- x y 2: and Sis the surface of the eylinger r+y=16 


included i in the first octant DEERD z=0toz=4. Ans. 64 

















Supposé t Vis the volar’ botinded b a Der piecewise smooth surface S. Suppose F(x, y, z) isa 
vector function of position which is continuous and has continuous first partial derivatives in V Then 


| $ F fids - JV. Fd . 


Fi where 77 is the outward drawn unit normal vector to S. 
Inother words, the surface integral of the normal component ofa vector F over a closed surface is 
Zequal to the integral of the divergence of F taken over the volume enclosed by the surface. 
f Proof : 
ue We shall first prove the theorem for a special region V which is bounded by a piecewise smooth 
closed surface 5 and has the property that any straight line parallel to any one ofthe coordinatre axes and 
infersecting Vhas only one segment (or asingle point) common with V. If R is the orthogonal proejection of 
e: Sonthe; "tJ pe V canbe aoe in the form 


BN 














" a dxdy | 
zefGny) 


Fs. a de 


» 


l ; “it 
== a ET =. 


JI 
[Als yet X - Fio y, Soyo”, dedy 
Fix. y, goo yd - [| Fx. v. fe X]dsay 


R s $ 
i (1) 
Now for the vertical’ portion S, of S, the normal f mtis 7/. - C> 


makes a right angle 0 with È . Therefore - 


Y 








Vector Calculus = ^ 7 s 





| [56s — 0, since ih, z0 


Sy 


o For the upper portion of S, of S, the normal 7i to S, makes an acute angle 6, with k. Therefore 
ki n dS = cos & dS, = dxdy. 
Hence ` [f F, k. nds, = ite [x,y g(x, Pay 


S 

For the lower portion of S, of S, the normal ñ, to S, makes an obtuse angle @, with É . Therefore 
. kô, dS,= cos 6, dS, - - dxdy. 

Hence | F, k. nds, = =-[JAl X, yE (x, y)jaxdy 


l FLAGS, el FE ds, afria 


-o+ {fF s» g(x, yy - {PAL [x y, Gs sy 


R. 

















or with the help of (1), we get n 
J FE ds = (||. = d i) 
Similarly, by projecting 5 on the other co- oria planes, we get 
i k 0 faas fj San 00 (3) 
and 4 


|| riñas = iE Slav | | g * (4 


— Adding (2), (ina (4), we get 
[nb = uf 
athe en ffi V.FaV = || Fads 


4 
at T. 









aF oh. 28) wy 
dy OZ.) 


M 
RA 


The proof. of the theorem can now be extended to a region V which can be subdivided into fintely 
many Special regions ofthe above type by drawing auxiliary surfaces. In this case we apply the theorem to 
each sub-region and then add the results. The sum ofthe volume integrals over parts of V will be equal to 
the volume integral over V. The surface integrals over auxiliary surfaces cancel in pairs, while the sum of the 
remaining surface integrals is equal to the surface integral over the whole boundary S of V. 
7.1.1 Deductions from Gauss Divergence Theorem 

1. Green's Theorem. Let $ and V are scalar point function which together with their derivatives in any 
direction are uniform and continuous within the region V bounded by closed surface Sthen 


J (V9 -yV ġdi = ? (&Vu —wVà)-AdS 
Proof: By Gauss Divergence theorem i 
| OF ads = [v Fas 
Let $00 E= yyy 
V.F = V.(6Vy)- V-(vV9) 





© Guuss Divergence Theorem ~ 






| - (Vy vi Vy*yVe- vy-Và. | 
BM V | = QVy-yV$ 
"So, deve- YY) â dS = Jav" v-yVA)dr 


Sirice, , Vy = = Ou l 
- i On 
: B a ņ 
vé n. 


So, (1) can be written as . 
Oy" db). 
sio -v i flava y-uV vies ..Q) 
M 
Note: Harmonic function : A scalar fonction $ issaidto be harmonic function if it satisfies Laplace's 





equation V!$-0 
. If us V both are harmonic, i.e. vi $- vy- “0 equation (2) reduces to 


nan =0 
E Prove that J Vodt = Í ġñdS : 
Proof: Let F = E. $C, where C is any arbitrary constant non zero vector 
Pi : V-F=Vo-C+oV-C 0 
/. = Vé-C (as V.C =0) 


( í Apo Pees theorern 
OF Aids» = Ee Fd: 


(ws 
Where Sis s bounding soos of y^ 
jf í EI ndS -= [v O)ae 
P € oads = C. fu 
Ens Vdr- -éqfds| «6 | 
Pb ^s € Tfveac- ods |i is zero for any arbitrary non-zero vector C. 


“ae [voar-onds =0 
. Hence, :- [vds - ponds 
3. Prove that [Vx gdv - Axgds. 
Proof: Let F = gx C where Cis any arbitrary non-zero vector. 
V-F=V-(gxC) = C-curlg-g-curl C 


= C-curl g 





(^ curl C=0) 


_ Applying Divergence theorem 
GF ads = [V -Far 
| $8xC- ads = |Č- curl dr 


$i 2) Ca = [C-cunlg de ( (48) (C 4)-8) | 





Vector Calculus 





=f [eo gax-Gixzas]=0 


Since, C. I curl gdv—hax gas |i is Zero for any arbitrary non-zero vector C, 
So, Jodeg fax gd = 0 
So, [V xd: = $xgds | 

V : 5 





1. Let Fe xi 442 y 3zk ,S le the surface of the sphere x? * y? * z? * 1 and 7” = the inward unit 
normal vector to S. Then a -dS is equal to l 


| 94x. (b) 4s (c) 8r (d) -87 
Ans.(d) — i 
OF Ads = -QF -n'ds 
Where ñ' is outward drawn unit normal vector to S i.e. fi =-ñ' 
= -[ V.Fdr (Gauss Divergence theorem) 
‘= —6 x volume of sphere (Since, V.F-6) 
/ = 81 


X. Let Sbea closed surface for which IJ r-ndo=1, Then the volume enclosed by the surface is 
/ ] ; : 5 


F | | | 
* à ] 2 

(at (5 > . (c) = (d) 3 
a 4 - 3 3 l 
po Ans. (b) 

N =i 

ES 122 E . (Using Gauss Divergence theorem) 

> dt =1 PS Since y. Ay 





R 7 Volume V= far - 


xit yj ^ zk 


j. $ | 2 l 2 2 | 2 = E i 
k Let V= feza € RS LXE +Z <i} and F = Coy for (x,y,z) € $: 





Let denote the outward unit normal vector to the boundary of V and S denotes the part 


(Goa) ER sty tz = j ofthe boundary of V. Then [F -ndS is equal to 
, s 


(a) 82 (b) -4x (c) 4n (d) 8x 
Ans. (a) 
Outward unit Dona to idis of V 
"E B xb yet zk 
1/2 


= -2(xi + yj + zk) 





Gauss Divergence Theorent - 





(eyez) 
z-2|—————sdsS 
sede 





= 2s mE m eyez =Z on s] 
= = -8x4z- Beaks 
4 


4. The value of the iniegral $. F.fidS , where F 23x i4 2y j+z k and $i isthe closed surface given 
by the planes x=0,x = 1, y=0,y=2,z=0 and z=3 is 
(a) 6 (18 | (c). 24 (d) 36 
Ans. (d) eS: 
By divergence theorem 
$ Fas = [v.Far- 


- 6{ {fae dy dz=3 
000 


5. For any closed sur face S, the surface ‘integral fat F. -À dS is equal to 


/ 
LIE P DES © F ET 
/ Ans. (a) - À 
C _ By divergence theorem 


i forF: ñdS = [o Jd: 
à 


.-0 singe, V.(VxF)-0 
s For id IC surface S, the integral icd À dS is equal to 


a 






DM QV. MAY 





y Divergence eter as 
70 reds = [Vd ^ 
t 


J 

i : [34 
3x 
P] 





I 


| (V-7=3) 
volume enclosed by surface 5 


wx 


^ 


7. If F saxi +by j +cz k, a,b,c are constants, then the integral d AdS, S asa sphere of radius r 


isequalto . 
4 4 : 4 4 
(a) SES M (b) "i 
e | i e bus 
(c) 0' (d) (abc) zn 
Aus. (a) 


l By Divergence theorem 
PF Ads = [V-Ëdr 
S c v 


| 








* Veetor Ci alculus 


Where Vis bounding surface of volume S. 
Let Ie axi +byj+ czk 
GF ads = $( axi + byf +czk)-ndS 
| ? f V -(axî +byj t czk t . (By Gauss divergence theorem) 
“= (a+b+o)(dt NN 
=(a+bt+c)x E of sphere of radius r 





= (ab nr 


8. If 2 isthe outward drawn unit normal vector to S then the integral | divi Adtisequalto — 


(a) S (b) 28 (c) 3S (d) 4S 
where S is the bounding surface of volume F. 
Ans. (a) 
By Divergence theorem 
[V- Fat = pF -ads 
So, p MEO “nd = ka S. 


9, PS Sbe thé m ofthe iube bounded by x »-1, y 7 -1,z-7 a x=1,y=1,2= 1. The integral 
Far pF 7 -AdS is equal to ~ 
€ @ 12° (024 ^ ^ (918 (d) 36 
- Ans. (b) l 
= USing Divergence theorem 


$F. TE [Pra 





AY 





10. Sbe the surface of eee x * y *z'-9. The integral f x z)dydz 4 (y * 2d +(x+ y)dxdy] 


is equal to 

(a) 54n (b) 72n (c) 767 (d) 80x | 
Aus. (b) | 4. 

The surface element. J fade 


^ M ^ dx mm 
ndS = dydz i  dxdz j + dxdyk dE SE 


o, Il * z)dydz + (y * z)dzdx + (x+ y)dx dy | 





= ff [os zji +(y +2) 222245] | dydzi + dzdx j j+drdyk | J 
PDOT âd c3 


„Fig ure ez 1 








. Gauss Divergence Theorem 


=V (oity) : 


= [2d 
4 
= 2x—-n(3)= 7 
| pe | 3 (3) 727 | 
11. For any closed surface S, the integral $à dS is equal to 


(a) S (b) 0 "ios c. “aay ssd3s 
Ans. (b) pices St.” . 
Let C beany arbitrary constant non zero vector . 
By using divergence theorem 

$C-fds = [V-Cdt=0 

E V a 


5 dads =0 
Since, C. $ ndS is zero for any arbitrary vector C 
Hence, fds =0 
12. Forany closed surface S, the integral $ rxRndS isequalto. i 
. @s 1 © (5028 (c) 38 (d) 0 
Z Aus. (d) 


á ( Let C beany arbitrary constant vector 
Fhe integral C- $; xnaS 





oN -[v(éxr)e ~ (usingdivergencetheorem) 
Ec 0 Since, VxC -0 & Vx =0) 


NADEL A A 3 
Since, C- $ FxndS iszero for any arbitrary vector C 


So  . órxüds-0 — 
13. For any closed surface S, the integral $ Vọxň dS is equal to 


(a) S (b) Và () 0. (d) None 
Ans. (c) 

Let C beany arbitrary constant vector 

The integral 


C-óvoxáds = $C-Voxiids 
| = é(Cxvi)- ias 


- [v (C x v4) dv (Using divergence theorem) . 


V 















Vector Caículus 


= {lm curl Č- C. E 
= =). | (as Curl of gradient = 0) 

Since, Cs $V xÀ ads is zero for any arbitrary vector C . 

Hence, $vetias = 0 


14. Let a be a constant vector and V is the volume ehielósed by the closed surface S. The integral 
pax ax7)dS isequal to 





(à Va (b) Va (c) 0 (d) 3Va 
Ans. (2) T A 
using ax FdS = [VxFax 
putting  - F = xr 
pe ix(axr)dS = JVx(ixrye TM ) 
E J 7 | 
; - C TEE 
ai Vx(axr) ix—(ax7) 
: - Ya -Yi x(áxi) 
E E = SGi a-(i a)i 
7 z 
2 = 3a-q=2a 


í Equation (1) reduces to 
‘ prix (Gx? yas = [aas 
V 


ES 





= 2a] dt 
xl 
2 8 =2Va 
If $ x i ri in V then for any closed spiface bouriding A the itera $2. A d$ is eum to 
(b) 26 "Wo. 4. @ ap 
"jas = § ti. ias 
e TE T. 
E ids 
-jv. (Và) d: | . (Using Gauss divergence theorem) 
V 
2 [Var =0 | (as $ isharmonici.e. V^8 0) 


16. Let vector B is always normal to a given closed surface S. Fora region V bounded by S, the integral. | 

Jv* Bd: isequal to : 

~ V E d & * . . 

ORUE (b) B : (c) .2B | (d) 4B 
Ans. (2) s i 












Gauss Divergence Theorem — 


Wehave [VxBdt = fix Bas 
Since, B is parallel to normal A . 


.So, | ^ nxB^0 
So, [Vha = âx Bas = 0: 


17. F =(2x+5z)i -Q z4y)J +(y? +2z)k the value diee r -ndS where S the surface of 


sphere having centre at (2, 3, 1) and radius ais equal to 
. (a) xa (b) Ina (c) 3nd? (d) 4nd 
Ans. (d) 
` By Gauss Divergence theorem 
QF-&as = JV. Fs 


= ffy (@x+52)i -0 2j? +2z)k) dxdydz 


= 3j[| dxayaz. 
73x volume of sphere of radius a 


: -dxImd! = 4ra 


18. IfSbeany closed sur face enclosing a volume V and F = 2xi +3yj + 7zk. Then, the value of surface 
Er integral oF. -ndS sequal to - 
(48V (b) 107 ,. (c) ) ur |. (d) 14V. 
Ans. (c). 3 LE | 


B qe Gauss Divergence theorem — 
daas = |[V-Far 


Y P 
19. T E is, the surface of sphere (x - 1} + (y - 2j * (z 3) = = T endosing volume K and 


Fox y jak then the value of integral pF. -AdS is equal to 
i v 8m 11 141 _, lér 
(9) F (pe q «e am ( 
Ans. (d) 
Vis volume enclosed by sphere S, given by 
(c- D *t(-2y Tue Sed 
on dS = 2 Fd | 





= =4 fa at 
= 4x volume of sphere of radius i 


= nun 
3 











Vector Calculus” — 





L Prove hat 


$n ádS = [ve ode - Ade 


ance Vis volume of region re by closed surface S. - 
Solution. 
. By Gauss Divergence theorem 


PF. üas = [V Fat | 
Ss 


Let F = 0A 
V-F=V-(bA) N 
= Vo-A+oV-A 
So $e4-fds (ala 


aN 
E At+oV: ái 


T pu dde gv: -Adt 





S ution. 
( ‘Using Gauss divergence theorem — .- 
| aur ñdS) = n (pd: 
e 5 
= - [iv F +ò. Fs 
y [VE Y viae 
S yj 
Des Es [paras feed 
d k i qur J Fedt | 





3. If à is anionic in iV, then j tas- Joo dt. 


Solution, 
factas = T 
a PHV- Ads 
= [VAa 
= [(ve-và-«àv'o)dt . 
= [V dt. e V%=0) 


Vo = 


2. ARR Vo and V°} = 0 , show that fora closed surfaces $4F - -AdS = [Fax 





Gauss Divergence Theorem 


4, Verify dicens theorem for F- 4uzi - -y je yzk "taken overthe cube bounded bjx- 0, y= 0, | 
< z70,x-a,y-a,z-a. 
Solution. 
Let us first find the volume integral 


fu-Fae = Jar nde 


0 


| 
faz-»i -y| x] dyd 
0 
[oz 


| 
| 


N 





n < 


P 
0 (2 he x/ . Figure 7.2 
ff a) * 
= a || 4z-=|az 
eg 
= 2b: EJ 
2 jo 
= 3 
2 
The region Vis bounded by S. Sis a piecewise smooth surface consisting of S (x = 0), S, (x=a), 
7 S; (y= 0), S, œ =a); S; E= 0), $, 672). 
ÓÉ | ee Ads ES pue dS  [ F- ap Mee exu Ads 
[s $ | 
¢ 2 E | a ani) 
Gn S, x70, A=-i,F -A=0; ‘dS = ie l l 
a sà : 
i E ^ EN Da re as 
dace a DEM 
T1 41 ut 
Es 4 e 


So, 





E. 
On $,270, i=-k, F-i=0,dS=dxdy - 
. $9 [F-Ads=0 © 


S 
















Vector Calculus 





Z7, ñ=k, F. nad): d$ Lou 


a' i 


| F-Ads= f fa dsdy =— 
Se '00 
From (1) j 
ae, f a’ i 
GF Ads = 0+2a'+0-a" cy 
3a | 
Tdi 
Hence, à -AdS = J V-Fdt 
S. Verify divergence theorem for FeQ-y y Q- — zx) j + (Z° - xy)k taken over the rectangular 
parallelopiped 0< x «4,04 y 5,05 254 l 
7 Solution., 


Let us first calculate itp volume integral 
= (x ?— yz) +7? m -xy)Á 
E = (x+ y*2) 
The volume integral l 


AN: Fdo = af j je t y + z)dxdydz 


K 000 


e 








| Figure 7.3 


The surface Senclosing volume V consists of six pieces of smooth surfaces, S S (x 7 0), S (x 7 a), s, 
(y= 0), S, (y 7a, S, (z= 0), S(z7 D. - | 
p -AdS = app Aas |F, Rep quive ue Ads e |F. is a -ndS 


5 28 


On $, x 0, h=-i, d$ dydz, F -ñ= yz 


g’ 


E ü iid ffoes =- 
5 '" 00 


OnS,,x=a, n-i,d$- dydz, Fn=@ P 
pow nins 
S, 00 








Gauss Divergence Theorem 


a 


= [fea - m yzdydz 
00 00 


= at 34 
4 
On S, y 0, nt —j, dS = dxdz, Fn=zx 
ai a a 4 
| Faas = [| zd = £- ; 
Ss: 00 4 





l Dis. peu n= j, d$ = dup E sm) 
St t ; D" 
| Fads ES f(a zx)- i 


8, 0 


ote, 


4 
a 


Aju 


On $, 27 0, ñ=-k, dS = didy, F -ù= xy 
. aa a 
pee 


On Sp z=, =k, d$ = dxdy, F-ü2« -xy 


aa 


Pa [Fad ñ ds = Ta^ PR ; 
S 00 
CU | PORE 
aA a^ 3a a 3a^ a^ 3a" 
So, — — d —— He ht dt tH 
4 4 4 4 4 
rr fü =d 
Hence’. E.ndS = [V.Fdt 
6. Evae . à 





fe di] ^h, P idis oe x — y)dxdy 
whefe,Si Is the surface of the cube 


0<x<a, 0s y £a, O<z<a 
Solution. 


fidS = dydii + dzdx j + dxdy k 
x Pdydz + y!dzdx + 2z(xy - x - y) dxdy = (a Ey je 2zQy -x- y) hds ,J 
S0, Joe t y dzdx4 2z(xy -x- y)dxdy 
= Jer ity j+ 220- x- yk) -AdS 
= [v4 (Pf e y! je22(y -x - y) £e (By Gauss divergence theorem) 
del od: 
0 o0 


YN 


|S 











.. Vector Calculus 





7. Use divergence theorem to evaluate ff x dydz +x ydzdx + x! zdxdy where S is the sphere 
$ ` S g : , 


x) + y 2 = i 
Solution. 


[= I x dydz + x ydzdx * x'zdxdy 
- peri +x’ yj + x'zk).ds 
= [ Vici ex! yj 4 x! zk )dt (By Gauss Divergence theorem) 
= 5f | [x'dxdyaz 

sexe J "sin'6cos'ó.r? sindrd6dó 


l 


1 


f 
0 
= Sa fr" sir 0d0dr 
00 
l 
! 
0 


| r4sin®6cos? b.ddd@dr . 
0 ; 


2 


= 10x} | r‘ sin? 0d0dr 


IN 
da Pr 
il 











a sese 2] IDE. 739 
P. = 107.2 "d f sim eae = Ta RC 


` =m 





E Vhity the divergence theorem for F= 4xi -2y j+z 2k taken over the region bounded by yy 
| =4,z7=0, and 259. 
Solution. 





"v Pe d- åy + P . 
a 3 N 
B J V.Fdr = ffa- y+2z)dzdydx 
f J z 


= [a-z] dydx 


= [[Q1-12y) ave 
The region of double integral is shown in Figure 7.5 


jema ijoz] [yee 2 Figure 74 


-2 v 4-x" 


= = xf | dyas = ae f f) dx - 0 iffin odd) 





ETT E 
This volume V is bounded by the surface S which is a piecewise «smooth surface consisting of lower 
base S, (z = 0), upper base S, (z 2 3) and curved sürface S, (à * y» 4) 








- Gauss Divergence Theorem 





D 
"i 
3> 
© 


On $,z =0, dS = dxdy, ñ=- 
|, Fads =0 


On$,z23,d$-duy ü-EFA-z-9 
|, fads = of. dS =9x Area ofcircle ofradius2 — 


. = 36x 
On So x=2cosĝ, y= 2sinO 
Equation of S, belongs to family of level surface S : x° + y’= constant 
An outward drawn unit normal vector 


x VS | xi y 
| VS | 2x 
FPü-Q3-y) 
= 8cos? ü—sin? 0 
dS = ad Odz 


|: F.ñdS = i (cos’ 0 — sin! Oy dzdO 
|" 0 


Figure 7.5 





= g[" (cos? 0 — sim 0) dB 





4 = m cos! 6d0 - 48 |" sin’ 40 | [; sie odo =0] 
i i mM 0 e 
£ = 487 
The Surface integral over S i 
Te GF ids = f. Biss]. Fids+ f, F ads 
A j a = (4-362 4 482 7 84x 
Herice, [d ñds = a V.Fdr 
i 9. Using dive Tgéme sie biie $, Á. hdS AE p» xay jj + ah and Sis the surface of 
the here » x y 2g. 
Solution. ^| ** 


. Using P: en 
| $ Ads = [V.Adr 
? V 


=3[@ «y! « z!ac 
- jf f frr sinOdrdéd¢ 


000 


A3 [d een | 


a [zT sinOdO0dó 


GM] vo tes 


a’"[- cos 0] dé 


















`. Vector Calculus . 


l $ 
' 10. Use diesen theorem to evaluate 9. ndS Where V -xrizi yim ~x2k and is the E of 
the region Bounded by the paraboloid zerty "and the plane z=Ay. i 


| `, Solution. Jj 
Applying Gauss laras theorem 


9. dS = [vA Vde 


= fdr (This region of volume integration za 
is as show nin Figure. 7.6) 


e i daddy 


ray 





Figure 7, j 


= ffa- xX- y^ )dxdy x l 
The region ofintegration of double i integration in the projection of region Von xy plane as sicui in 
Figure 7.7 l 
/ et yay 
no —- x*(y-2y74. 
In polar form, r=4sing 
5200 8 [e [Jüy- x yaa 
i x Asing 


-f Jer sin p yrdrdó 





P 4 5 4sind 
—psind-—| dé. 
3 4 


0 














— |, sin’ £46 ur | Figure 2.7 
= P5 GA sin" odo pU 
glen ee ; 
Í iji Tm a 
1 i 
_ 128 3t gp |f sin ‘odg = H2 -22 





e 
— 

N 

v] 

: bo 
x 

N 

x 

— 


P ae Verify Gauss divergence theorem for F= xyi +z 2j +2 yzk on ihe tetrahedron x =y=z= =0, x+y 


+z=] 
Solution . 


Letus find volume integral fv Fdt 
V is the region bounded by x=0,y=0,z=0 and x * y+z= las shown in Figure 7.8 
ji = wit j+2yzk $ 
Mure icai 
[v.Far = fff ydzdxdy 
| e3[[ya-x- tay 
"n 


parsers ce 








Gauss Divergence Theorem _- 


^ Where R is the region of double integral obtained by taking 


projection of V on the xy plane as shown in Figure 7.9 
t i-r 


- = 3l [( y(l-x)- y! )dydx 
00 : 





= ; xy de i = Figure 7.8 
ig-x* polo 
2 4 i 8 





The pointe Vis bounded by sürface S. Sisa piecewise smooth surface 
consisting of S, (x = 0), 
S,(y = 0), S,(z = 0), S (x ty +z= 1). 


On S, x=0, ñ=-í,dS = dydz,F a= 0 

















jJ: F.ndS - 0 
f Am. 3 Figure 7.9 
i , On S, y=0, dS = dxdz,n = -j,Fn=-z ns 
74 ; s d tex, : 
Fads = | | zdzdx 
[0 deer 
f X A (I-x)} 
: Soaz? 
"E ME bkn! dx 
: fi. E 4j (ie a 
' E E | 
; ^ lk | CUR eS ` | i ao 
"OnS, © z=0,dS= ddy, i 2 -k, F.A 0 
Je F ndS =0 | 
On S „equation of 5, belongs to family of level dudo given by 
Six $ ytz- constant 
Outward drawn unit normal to S, 
DUNS dudek 
n = —— = 
"um EN. a. 


FA- qr +2yz) 


Sl- 


2 de x y «2y0-3-y) 


Re -y *Xy- 2x41) 





Vector Calculus ` 








. So, [ Fas = -j[e -y + xy- 2x (dye 
TM 0 
T (The region af double integration is given by projection 
of V on xy plane as shown in Figure 7.9) 
enn ` : 3 2 l-x f 
= [.@?-2x4Iy-2 42 dx 
: 3 2i 





(24. 9 2073), 
-JMio- oec x9 








^ 3 2 
= -—(1-x)' lx; Ax x 
204,5 953 
l {: 2 J 5 
-—R————L—|-2— 
6 244 3 2) 24 
So d Fads = | FAS |. Fase |. Fádse[. F ads 
i = 0+ a) 
rd 12/- 
/ m 
Ó «8 


Hence, RGF dS = J, V-Fdr 


12. Usi Divergence theorem, 
he +x ee +X duy 






M E 


-. - a f E a | 
i3 doi +x? yj + x°zk).AdS 
= [VG ex + zkr 
= 5| f | x dededy 
- Sb[ [did l l m Figure 7.10 





El I 
(This region of douhle integral R is given by of projection ? 
cylinder on xy plar as shown in Figure 7.11) 


Ir- e 


= 5b | [r'cos'erdrdó. 


: 00 





i na r^ d 
= 5b| —| cos/0d0 
Jd 4 


o 


Figure 7.11 








Gauss Divergence Theorem ` 





13. fF = x$- yj +(z7~ MI find the value of je F.ndS ass Sin the closed surface bounde d = the 
planes z= 0, z = b and the cylinder x?+ y! = a. 
: Solution. l 
By Gauss Divergence theorem 
$ F.ids = : V-d 











F = xi- yj+(2- nk 
ine m 2z dzdxdy l f i Figure 7.12 
b s "xus 
d 
= OY | bey mom 
(The region of integration is projection of volume 
rd : region V on xy plane as shown in Figure 7.13 ) 
Mm P =b x area of circle of radius a 
/ : | Du 
/ = ma L 
14. Evaluate 
s foz TETE l ; Figure 7.13 
A x where Sis the part of the sphere xc yt z= above the xy plane bounded by this plane. 
Solution. . : 
Ys By divo pence theorem 
We jo dis tz) j tz yb. ndS 


Er pT ieia 
[Bee 
=fff 2rcosO,r°sin*Osin” 2j. r "sin Qdrd6dó 
ar 
X 


Er] J r^sin'6cos6sin'ó d$ dlar Figure 7.14 
0 0 


0 





0 40 


= 27 TE r’sin’Ocos 6dédr 
4 

NN sin 0 

4 


0 


5 
dr 
0- 





ae a= aa! 
2:09 2 


Evaluate pF ind§ over the entire surface of the region above the xy plane bounded by the cone 


A 
tA. 


zi - y! +y andthe plane z=3 if F =4xz/ + xy zit 32k 
Solution. . . l 








Vector Calculus 


By Gauss Divergence theorem "E : 2 
$ Fads = [ v. Far 
- f, V(4xzi +yz j+ 3zk) dt 


-> | — (Visvolume enclosed by cone z?= x+ y? and 
the planes z=3 as shown in Fi igure 7.15) 





= jl Ls a xz’ +3) dzdxdy x^ Figure 7.15 


dxdy 


(The region of double integration R is projection 
of volume V on xy plane as shown Figure 7.16) 


ffo - EL OP + yy) 43(3 =x? +y? Jd dy Figure 7.16 


= I PPS T dn 3 
R 3 








- 32x 
= Í| f G -27° -3r) +r e089(21 =P) rata: 
00 


x - = 2af (27r -2r -3r°)dr 

/ Dis | 

¢ = En ad 
a4 . = 1087 ^ 


16. Evaluate by divergence theorem the integral 
l j E y-z) dede Qxy +y? z) dxdy 


i H entire E) ofthe hemispherical region bounded byz- ja! -x - y andz- 0 





| The: surface: is shown inFigute7. 7 
P we ` ndS= dydzi +dxdz j+ dxdyk | 
| E []. xz!dydz + (x y - z)) dzdx + (2xy  y^z ) dxdy 
= o'i +y- 2) j4 Qxy y! 2) nds 
S ] 


Sis the surface of hemispherical region bounded by z = y a^ -= x° - y! andz=(asshownin Figure 
7.17. 


| [, voz ie (y- 2) je Qxyx y z)dt 
(By Gauss Divergence theorem pF ndS = [VF dr) 
= fe x y^) dxdydz 


2 


o4 : à 
E J fr ? r’sinOdrdOdé 
9 00 





i 
j 
H 
4 
1 
i 





Gauss Divergence Theorem 















E Re | sina 

DUE Tana l 

= B [-cos6], dé 
P 


| 17. By using Gauss T theorem, 
Evaluate $ (xf 4 yj z'k)A dS 
where S is the closed surface bounded by cone x? + =z? and the planez 1. ` 


Solution. . 
Using Gauss divergence theorem 


P" l $ Fads = =|, Vide 
AL (xi +yj T 23) Ads = -[ V. (xi +yjit2k)dt 


f 


Cc |. ` -afff (+) dzdxdy 





2 4 a (Vis und enclosed by cone x! * y! = x Figure 7.18 
& the 5 z= las shown in Figure 7.1 8) 
dxdy 


| 
-2||—-4z 
E 


"^u 
A 5 P4 . Say 4 . ; 
UE Ut. . (Thei region of: een of double integral Rij is. the projection 
JUNE n d. oen of volume V on xy plane as shown in: | Figure 7.19) 


É 3T SES x -y)«20-x + y? )dxdy 








2a l 


= = [ fG- 2r - rrdrd 








0 0 
«["2, Qc ae E iet do -F 
0 2 3 4] 12:48 26 . Figure 7.19 


18. Verify divergence theorem for F =2x yi - y? 244z k taken over the region in the first octant 
© bounded by 4 2 -9 & x=2, | 
Solution. 
Let us first find the volume integral f, V.Fdr, Vis the volume enclosed by surface y’+ z? -9 & 
x= 2 in first octant as shown in Figure 1.20; 
ie 2x!yi - yj 4xz d 
VF-4xy-2y48xz 











Vector Calculus — 


$6 : ioe ON 
f v. Fa = fff (4xy —2 y+ 8xz) dxdydz 
2 
= [22 -2,y +4272 dydz 
k 0 . 
(Risthe prðjection of Vis xy plane as shown in Figure 7.21). ie 


Z a '(rcosĝ+ 4rsin 0) rddr 


ear "[sine- scos of dr 





= 20 [ r!dr -180 
Now, let us calculate the surface integral over S. S 1s a piecewise smooth 
surface consisting of 5 (x = 0), S,(x = 2), S, = 0), S (y = 0), Sv + 2? = 9) 
On S, x= 0, dS = dydz, hz -i,F hi0 
So, f, FûdS =0 


On S,, x= 2, d$ = dydz, iz i, Fñ =8y 
So, { Fads = 8f f ydydz 





Figure 7.21 





let y= 3cos0,z =3sin9 
| F.A = 9(Axsin! 0—-cos’ 0) 
F ndS = 27 (Axsin! 0— cos! 0) d0dx 
| Fads = 27 | [” xsin’ 0 — cos 0) a0 
Ns 0 
[2] 
2/4 


rol 
X 








| Se [ cos 840 = 
0 0 


Wire 


a 
M 
bo [| Ww 


= 18f (4x- dx | 














Gauss Divergence Theorem 


S 18[2x° -xj o^ 
= 108 
So, surface integral $, F nds is given as: 


K Q Fads = f, Fass. Fads «|. Fads +] Pads +f, F ads 
=0+72+0+0+ 108 ` 
| = 180 
So; | PF. fas = [v.Far 


Hence, Gauss divergence theorem is verifed 
719. ' valuate by using Gauss divergence theorem 


fi) $ a^i? ey ectz!)'as 


(ii) pax’ +by +072) 2S 
over the ellipsoid ax? + by? +.c27= 
Solution. 


Sis the ellipsoid belonging to family to level surface as shown in Figure 7.22. 
S: ax? + by’+ cz constant 


Pow : : PRSE ES. axi + byj + czk 
Theoutward drawn unit normal vector 7 .to S is given by 7 EU 
/ ja Jax by +e 
C O r +h y+ cz ys = pF fds 


a Comparing the integrals ^. 

' Fa Saxo 4 phy? cz yd 
LH & (axi + by] +czk) 

Wax -by ud z 


OF (axi +b + c) = = gh + py té x) 


3 Iz 
z (ax 4b yF tezy? 





^ For using Gauss divergence theorem, F should continuous and should have continuous partial 
derivatives integion Venclosed by ellipsoid S. The surface F can be taken as 


F = axi + byj + czk 


jux tb rer)” ‘dS = taxi + byj e c E).üdS 
ws 
{ 


= f V (axi + byj + czk) dt 
According to Gauss Divergence theorem 
pFads = [VFdr 
= = (abeo). d 
7 (a-- bt c)x volume ofellipsoid | 
_ 4r(a+b+c) | 


Wabe : . E | 








; (ii) Plar + by? +022") AdS 


SORIDSLUIE the integral 


F= (ax gey 24 ez zy 5 


OT 


=> 


pæn 


F- 


2.2 m 
Vax? +b y +072" 


F -(axi + byj + czk) 


The function F canbe taken as 


F 


Fn 


$ (ax^ + by? « cz! d$ 


(axi 4- byj + czk) H 














Vector Calculus 


- Fads 





ax *by*cz = ] 

1. 

VO Da pa 30 08 
Ja x +b y «cz 


=] 


Figure 7.22 


xi + yj + zk 


(xi + yt zk) (axi + byj +czk) 
at by tor =) (ons, ae hoy +e = 1) 
$i + yl + 2k).adS 


li 


I! 


fv (xi + y 4 zk)dt 


= 3jar 
=3 x volume of ellipsoid 
4r 





B Jabe 


. Note: While evaluating surface integration, we can incorporate the equation of surface. 


20, If ¥ = è +y- voy j+(2xe+2 z YK. at (VxF ).ndS where S is the surface of the 


^ spháre X t y^ = @ above xy plane. 
Solution. 





The sur facé Sis sphere x^- y^ 2?= = œ? above xy plane as shown is Fi gure 7.23. 


651 XL a ope surface But, Gauss theorem applies c only to surface integral on closed surface. Had 


E 
A 






E [v x Fads = 


eS Been: n closed, the integral [v x F. nds Would have been zero because 


= : [vv xF)dr =0. 


Sinté divergence ofcurl F will be zero; 


Sis open surface. Here we will make use of the fact that jv x F.rdS over the closed surface will be. 
Zero. 


2 


Now, let us consider a closed surface £ consisting of hemispherical part S : x? - y z 7 a! above 


xy plane and base of hemisphere $':z = 0 


We have to find [v x F dS 


Now, 


=> 


S 


È Vx Fads 
OV xP ids 
Í. Vx F fd 


li 


fv: (VxF)dt=6 


f Vx Fads + |: [ Vx Funds =0 ; 
= -| VxĒ hds 


Now, it iseasier to Sale the surface integral over the plane surface ie. over the base of hemisphere 
ig, i 








Gauss Divergence Theorent 


On S',z= 0, dS = dxdy, ü--k 


| i j k 
ysfa 9. 8 @ 
$ ax oy & 
|x +y-4 3xy 2xz 4 z? 
= -27 y-DK 
So, Vx FA = (22 «Gy - DE (- E) =-Gy-) 
So, ^ | VxFads = =| VxF-ids- [[Gy-Dd& 
S . 
a FERES 
= 3| f y dydx ~ [ov 
~a dt 
70- Area of base 





= = -na 
Note : In this problem, we have converted as integral over a curved 
surface to integral over a plane surface. 


21. Evaluate [. (Vx F )-ndS where F -(x- z)i +(x + yz) j - 3xy k and Sis the surface ofthe cone 


4 22- x. + y! above the xy plane. 
Solution. 
c The. uid equation ofcone with axis sper to zaxis and vertex at (a, D, y) with semivertical angle 


Figure 7.24 


0i iS given by. 
(z-y)tan' 6 = (x-a) xps “By 
m The cone give by jabove equation is showni in Figure 7.25 
- z- -Pno = d (- a)? TOS p denotes pan of cone above the vertex (o. B, ) as shown in 





n Figure. 26. + 
Z6. i 


Z 





Figure 7.26 





Figure 7.25 " 


x 


(z-y)tanü = -J(x- ay *t(-py a diss the part of cone below the vertex (a, B, 7) as shown - 
in Figure 7.27 ! 











`. Vector Calculus. - 





Equation of cone given here is 
z72-Jxi« y 
(2-2) = -4x + y | 
Comparing this equation with standard equation of cone 


(z—y)tan® = J(x- ay 4 (y- By! 


. The vertex is (0,0,2) and semivertical angle is @. It represents 
part of cone below the vertex. Here also, we will make use of 


- the fact that the surface integral [V x F nd over the closed 
surface will be zero 


gis $vxPds = pibe 
Since  V(V xF) = 


Let us consider a closed pm smooth surface ¥ consisting of 
two surface. 


S: Part of cone z=2—./x’ 4. y? lying above xy plane, S’ : base 
of cone, bounded by x^ y? - 4, z ^ 0. 
The surface integral š $ 


"2 | $ vx F.ias = [V(VxF)dr=0 
| OV x Fads = [,vxFAas + | Vx Fads =0 
= [, Vx Fads = Ae 








n 
Figure 7.28 





VxF= a E : Lu 
Ox oy Co 
fo xz. xw yz -Ayrl. 
"E Figure 729 ^. 
l E = m: G 
O he. Vx PA = 3 (Â =-k) 
So, [Vx Fads = -| VxFads 
= 3] [dedy 
= 3 Í fr? cos? rdr dð 
00 
2n r^ 2 
= 3 |— cos? 640 
, 4 
0 
= J cos’ 040 
- a 


22. If F= yi+(x- 2xz)j - yk , Evaluate [vF ndS where S is the surface of the Pan 
x y! +z = q! above the xy plane. 


DN es E E. E 






_ Gauss Divergence. Theorem 


. Solution. ^ 
Similar to previous problem, here also use will make use of the fact that the surface integral 


[v xF -ñ dS evaluated over a closed surface is equal to zero because the divergence of function . 


V x F is always zerg l 
So, applying Gauss divergence theorem 


[v x F-fidS evaluated overa closed surface is zero. Consider a closed piecewise smooth surface 


P X consisting oftwo surfaces.. 
(S: spherical part x+ y? +2°= a above xyplane ` 
, i) 5: base of sphere x+y + z= g, bounded by circle x? + y? = a’ in xy plane 
*. Applying Gauss Divergence theorem 
QUEEN. [vv Pyr- 0 


E " VxF ids = [ Vx Fads + j." x FidS «0 
= [VxEsds = -f Vx Fads 





On §', d$ = dxdy, z= 0, #=-k 
/ B^ oun R à -a 
í Vos. ee 0X 
E Ox Oy w Oz 
a E ly x-2x uy 
xi + yj- 2zk | 
M i f= z= UR | : Figure 730 





23. Evaluate [e (VxF). ads where F = (x° 4 y -4)i + 3xy ju +z yk and Sis de surface of para- 


boloid with axis parallel to zaxis z 79 — (24 y?). 
Solution. 

The standard equation of paraboloM ls given by 
(-”)=al (x~ a) +0- | 

where (a, B. y) is the vertex of paraboloid 

Comparing given equation of paraboloid z = 9 — (x? * y?) 

(Figure 7.31) with standard equation. The vertex is (0,0,9). 

Here also, we will make use of fact that the integral 





Figure 7.31 


[v x F ndS is equal to zero fora closed surface as shownin y 


Figure 7.33. 














Vector: Calculus - 


- Consider a closed piecewise smooth surface X consisting of 
paraboloid S and base of paraboloid x? y? =9 as shown in 
Figure 7.34. i 


Using Gauss Divergence theorem 
pV x F.nds = [JV4vxF)ar «0 


$ 





^ Gv Fads = [xP ids [xP is = 0 
I 
So, f 
S 


Wx F RdS m seas Figure 7.32 


On S', ñ=-k, dS = dxdy 


| 4 3 gk 
VxF = 9 9 2 
Ox oy Oz 


X ty-4 Bay 2xztz" 
zi y-1X 

Vx Ff 9—(3y - 1) 
[Vx Fads = -[VxF Ads 


il 


s 









s , s 
" ‘3 ffa»- Dads 
eX 3 Vr 
DE mee yf fa 
9-3? 
| pe =—Area of base of paraboloid 





ech um s Figure 7.34. 
do. where S 1s the surface: of the 
s 4 2 


og . 


cube £ < X < ii os < ysl,0sz< <] and 2 is the directional derivative of ø in the direction of the 


? unit outward xima to E verify the divergence theorem. . 
Solution. | 
06 - " 
ccc Vou 
On á 
Vó = e'sinyi +e cos yj 
S isa piecewise smooth surface as shown in Figure 7.35 consisting of following surface 


x70, x=] 
y 70, y 
z=0, z=] 


Onx=0, i=-i, dS= Of " 


0$ 
JJ 24e = EE 3s 
= (cos 1-1) 





` Gauss Divergence Theorem ` 


- [8s - = f [esin ydydz 


00 
= —e(cos 1 - 1) 


On y=0, 4t —j, d$ dxdz ` 
[o ae = - [fene 





oe 
j 1p: 
-f | e"dxdz 
00 
=-(e-1) 
Ony=1, Â=], En I ," Q9.) 
0d d | Figure 7.35 
Ji do = fje cos ldxdz 
ôn om 
= cosl(e- 1) 
Onz=0, £z -k, dS = dxdy 
ag 
do = 
Ja ôn 9 
On z= 1, dS = dxdiz -LÁ =k,dS = dxdy 
e ôg 
a “Trt = 
j / ff E do -( 
í So, $2 a0 = osl- 1)- e (eosl jy ey Reosen 
A Š 
Using E Theorem. 





: “Blane, Gauss ts theorem is verified 
. 28. Ie the surface{ (x,y, z) eR:L+y+ 22 22,220 },and let be the outward unit normal to 


Sf Ks "ne ty "Kk, then evaluate the cdd fF AdS. 


S 
` Solution 
S$:xtyl--2(z-1) 
isa paraboloid with vertex at (0, 0, 1) as shown is Figure 7.36 
F= yi i + xzj +(x? y We 
V.F-0 
Consider a closed surface S which consists of two piecewise smooth surface Sand S", where S" is 
. base of Paraboloid and 5 is paraboloid 
GF ids = [v „Fdr=0 


| $ Fas = [ Feta + F F -ndS =0 
[ F-ads = -| F -ñas 




























Vector Calculus. 





For S’, üz-k = dS= dxdy 
So |F ñas = -| F-âds 
- -[ (yi * xz +(x? ty DÉ) k)dxdy | 





$ = ffo + y?) dxdy 
2m 42: 
= [ fr rd@dr 
0 0 
4 {v2 
Iry 
= f p dOü =27 ! Figure 7.36 


! 0 
. 26. Let D be the region bounded by the concentric spheres S: x +y +z = a? and S,: xà * y! c z- pP. 
where a < b. Let ñ be the unit normal to S, directed away from the origin. If V^g = 0 in Dand ` 
p =0 on S, then show that [| Vø} dV + [éco ndS =0. 
D 5 
Solution. l 
Let us consider a surface ¥ consisting of S and S'enclosing a volume D as showni is Figure 7.37. 
According to Gauss Divergence theorem. 


Q svo.ias = = [V.gv¢)av 


/ ! = [VgV gaV + [gv'gav 
T = [.|Véfav (as V! =0 in D) 
AL 21 : 
Now, one -dS = f à Và ñas tle dV b-ndS 
Ly 
E 






=I à: Vó- dS +0 (as ¢ — 0 0n S) 


is | awn meginal is E: pointing towards origin 
: [éve- dye JE 4-Vá- ids 


Pd B 
6o S 
i 








where's R= -h is. unit normal to s directed away from the origin 


S, f |g av = -f d-vé-iras Figure 7.37 





f, ]vefar « [ sois =0 


27. Using Gauss's divergence theorem, aia the integral m -AdS , where Fz4xd-y d + Ayzk, 


S is the surface of the solid bounded by the D x 4 m 2—10 and the paraboloid 
x'*ty-z-2,and n isthe outward unit normal vector to S. 
Solution. 


E - ARCU dva 
V.F =4z+2y 











"d 
/ 
í 


Solution. 
Using Gauss Divergence theorem 


Gauss Divergence Theorem 


l i i, d i : d : Sr r y a 19 ~i 
24 b : 2 á 4 z|àr - = — RH 
cd EN MC 









Using Gauss divergence decreti 
Fads = [V -Far 
"ox ` V 
' = {J | (4z 4 2y)azdydx 
(dr = dxdydz) 


- - fff: ex] Pr i , | 


Figure 7.36 


= = 2f [c6 5c? cid yy +y{ io-x -.y-x - y! -2]dxdy 


Surfaces bounding the volume are x? * y! -z2:210 & x+y’ =z- 2 as shown in Figure 7.38. 
So, curve of intersectiono: — »surfaces is given as 
ztz-2210 > zz3 l 






«€xtysz-2 - 


«x ytz-10 


xi y! =] : ; 
Curve of intersection 
Z - 


Putting x zr cos 0, y=r sin @, dxdy = rd@dr | 
(ris the region of i integr ation of double integration) 


GF. ids = 2f [ [6-5 -r ers d( ioc pq) «a etna 

= a; L (6-55? - r*rdédr zi fi "(Vio -r -2]sin Addr 

Now. i sin 086 = 0 So, integil of second term 
E Uii d -r — 


MN 





De 7.39 
28. Lèt Wie the region bounded by the planes x «0, y=0, y=3, z=0 and x + 2z7=6. Let S be the 


boundary of this region. Using Gauss divergence theorem, evaluate Le -ndS . where 


x 


- ^ 25. s) Ani : 
F = 2xyi + yz j+xzk and n isthe outward unit normal vector to 5. 


GF ads = |V- Far 
= || +2? «day: 
pii [Jf e+ 2y +2? jdvdraz 


= [| xy y zy. dxdz 


= ME +32° +9)dzdx 








eg $ PC 
=Í 3z 492 2|! dx 
Us Jo c . je > | 
olge a ga A 
= s (x + 6x oe 
2 M ; 
NE x -i 42x -36x3 «51x 
8| 4 i : 
5235.5 
29. If F = py 4ji + 3x +(2xz + 2k, then evaluate the i 
surface integral f (VxF J-A ASEE the surface of the cone z « 1- J x^ + y^. lying above 


M 


the xy-plane and 7 is the unit normal to S makung anacute angle with k. 
Solution. ze 
Consider a closed surface © consisting of S & S' as shown | in Figure 7.41. Where S is conical 
surface & S$” is its base 


QVxF-Ras- |V(VxF)dr -0. 
X V 


Figure 7.40 


= [VxF-fas e [ VxF ads =0 





/ | 
200 [VxF-as = -f VxF-üds 
# 5 ody 
j I : p 
E ^ : j 
í LI: 
è VxF =) — o — — 
ds Ox — Oy Oz 
x+y—4. 3x 2xz4z 
mu +25 l E 
| = pda ER 
= 2 





30. Forthe vector field 
Vax - ye jt - y! "yc : 
308 Calculate the volume integral of the diver gence of y over the Tion defined by -a < «x&d,- 
b<ysb and 0<z<c. 
(b) Calculate the flux of jy out of the region through the surfaceat z = c. Hence deduce the net flux ` 
‘through the rest of the boundary of the region. 
Solution. 


y = xz -yz j+ z(y k 
iv y = z E 2 » x -y 
= (Fy) 


. Volume integral or divergence of V over the region defined by —a <y a, x < Sys <band0<z<c. 









em RYE STR ER ag SP 
cesses mentes 4 j À 






Gauss Divergence Theorem 


abe 


| iffy. 7 de dy de = Ife» )dxdydz 
-a-b0 
E ef CE 
: laih , | 
l = ef x yep 





= «ffe Le 











dS = dxdy 
Flux across z= c. | 


P [và ids = ef fœ- -y Ddxdy 


(o aad, 


ah 
i boo Y 
7 =cl |x y-—]| dx 
a S A 3 T : 
NE E 
UN - 2c[" Ea dx = 2c xb Bx] 
| 2, “a 3 E i 


., Aabc (a? - b) 





so Flux across di closed surface 


oras = Du LI op y 





"s —-— to flux through the surface at z=c 
So, flux through rest of the boundary of the region = 0 





3l. Using Divergence theorem, evaluate E ndS , where F = 4xi -2 2y itz 27k and Sis the surface 


| bounded by the region x? + y?» 4,z = 0, 2-3. 
Solution. 
From Divergence Theorem 


| Faas = [ V-Fdr 
s r 
V.F =(4-4y+42z) 
À 3 
[V-Far= [| | (4-4y+2z)dedyde 
y 220 x 


= [fáz -4yz+ 2t dxdy 








Vector Calculus: 





er 12y) p 


21 f | axdy -0 . É f f (x) dx=0 if f(x) is odd tno 
= 21 x area of circle of radius 2 = 84 z 
32. Let Sbe the boundary of the region consisting of the parabolic cylinder z = 1 — x? and the planes 
‘y=0,y=2 and z 7 0. Evaluate the integral oF A d$ , where F = xyi + + gt i+ sin(xy)k 
Ss 


and 7 is the outward drawn unit normal to S. 


Solution. 
The surface S is shown Figure 7.42 


i = [v Far 
= «= [Jfpracdeay= Af 


“ef | 


. Taise [de - x°) dx 
pa B -1 0 


-i 
3T 
E Sixes . 
: -1 


3 





dx dz 





xX e E. 
Figure 7.42 


à 
* 


38. I V =x zi+ y- xz’k and $4 is the surface of the closed cylinder x? + 
z=4, adn the integral f li V. dS. 
E 


y= 16, z= 0 and 


jy. V. P dr - ~ (Gauss Divergence Theorem) - 


ca 


fi (2xz +1- der. 
= volume of cylinder 








` Just like a curve ds substend an angle d 8: at a point 








ds 
dð = — 
l . r 
The surface dS subtend solid angle at the given point 0), 
dee F a 
r 
X edd c | m: 
= z €. = 
r f r 





e, is the unit» ¿ctor in direction of increasing r. 
5 isan a drawn unit normal vector to S. 


Figure 7.43 













Giiss Divergence Theorem 


Theorem. The solid angle subtended by any arbitr: rary surface S bounded by a closed curve Cis same ie. 
. Thissolidangle substended by any two surfaces ‘bounded by same closed 
curve C is equal. be 


Proof: Let Sis a open surface bounded by closed curve C. Let us take a 


plane surface S$’ boynded C. Sand .S’ together enclose a region Ras 
show in Figure 7.45. 


Considera closed piecewise smooth surface X consisting of S ung / 
S' , then by applying Gauss Divergence theorem - 


ess = fof 5 Jar 0 


= |as + 4 [, ds = 0 





where 77 iS an diwati drawn eee to X 


z$ [Zas s [Sis 


x 


= f dS (f'=-n) 
. F- T 





So, Solid angle subtended by S= Solid angle subtended by S$’. s 
Hence, the solid angle subtended at O by any arbitrary surface S 
bouthhded by closed curve C is equal to the solid angle subtended at O by 


a plane surface S" bounded by the same. curve C provided O lies outside 
thé region enclosed by arbitrary. surface S and plane surface $”. 


Theorem : The solid angle subtended by ai arbitrary closed To Sat point O is equal to 47 if O lies 
inside the the a V enclosed by closed surface S and zero if O lies outside S. 


Figure 7.45 





~ ^as] Arr. if O lies insides 
E | oe Olies outside s B Aj 
LA Proof: Case 1: 3 " liés outside S. The vector fürction, Fe =— Is continuous and has continuous partial 





dei ivatives at every point ; P lying in the region Venclosed by s. 
$0, Gauss divergence theorem can be applied. We also know that (3) =0 


So, the solid angle subtended by S at point O. 


fhras- [v [Sje- 0 


4 


Case Íl: if O lies inside S. 





“ TO ee Soe . : 
The vector function F = — is discontinuous at point O. Figure 7.46 
l r A 
So, Gauss Divergence theorem cannot be applied to evaluate $5. ; 
Í " * al 


Let us enclose the point O by a sphere $' of very small radius €. 

















Vector Caleulus 


Cona a closed surface Y; consisting two surface S & S' enclosing a region V’, the function 





Pa 2 is continuous and has continuous partical derivaties at every point in V. 
p 
So $5 yds = [v {= ^ |dt=0 
; : J "x r 
Ks [Rm 
[= Ads + [nas =0 
= E d 
- . F. | 
So, p = - [a5 
i da si 
P 
" = n=-— 
On S’, eni 
pees Fo. Figure 7.47 
So. qas = - fhads g 
* r? ig S F. 


Le ee Mek 
! 2 ] ^ 
—ra$--—.eads 
e' | e | 
[d$ - Lan e 

€ € 
4r 


Note : The concept of solid angle is very useful in evaluating flux across a surface of those 


“etter fields F which follow inverse square law. 
or éxample : The electrostatic field at any point P due to a discrete charge q is given as 


/ 


“Where 7 | 


X 
SA 





q ë? 





pa - AR er? 

B | = 
F q. 

aunit vector is direction of increasing r, €,=— Figure 7.48 . 
r : : 
ae : AS SU. k 
& ^ eee 
ATE, v 


Gauss Liaw of Electrostatics : The flux of electric field E due to a point charge a across the surface S. 


pe Ads = 1g q lies inside S 


Proof: fq lies inside S 


$ Ends 


H 


-0 If q lies outside S. 


€ 





$—1— — nds 
Amer 


q a 
-zhas l Figure 7.49 








4z €, 





x Solid angle subtended by S at position of g. 
7 Ey 





1 Ag (Using the results obtained is previous theorem) 
T € i mE 













Gaüss Divergence Theorem 


If q lies outside S. 


" - $2 





d r 





Figure 7.59 > 





E 
4z € 
zu 


34, Evaluate the solid angle subtended by any aroga open surface bounded by circle C at any point O 
Solution. . 


x Solid angle eres by s at the position of q 


The solid angle subtended by Sat O is same as solid angle subtended by a plane surt::: 
evaluate the solid angle subtended at point O by surface S". 
Consider a ring of radius x and thickness dx, the surface element 
aS = 2zxdx 
Solid angle subtended by surface elements dS at O. 
dO = 1 ia Gel 


se S’ Letus 


i 
i 
| 
i 











"as i 
ar r i 
F 200 _ 22xc088 , i 
d 200 Qs : | 
Ó 2zdx hy ds 
| Y (c +d?) 
So, Soia? angle subtended by $' at point ò: 4 
X 5d O 
3 F ie l 
: EC. i : 2nd le -dx =~. (Risthe radius of circle) 
; i “a td’ Py "E. ae Figure 7.52 
4 | i | d 
jp le M T 
E venu Ness xd = tdt 
| We EE zi 
ES D. E 
ME d] 
d | Vx? +d? |, . 
1 L Figure 7.53 
= 2ud|-———R——— 
d jR'«q* 


= zl P = 2n(l- cosa) 
So, the solid angle substended by a disc of radius R at any point O 
_- lying ona perpendicular axis passing through its centre is given as 
: Q = 2n(i-cosa) ` 





Figure 7.54 








Vector Calculus 


^ 


Since, the solid angle is same for any surface bounded by C. So, the solid angle subtended by any 
arbitrary surface : bounded by a circle C is equal to. 


= 2z(l-cosa) 


35. Using result pru in pervious problem, find the flux of electrostatics field across the disc of radius 
: R due to point charge q placed at distance d from its centre. 


Solution. 


The flux of electrostatic field E across the disc Sis given as 


= p 


8I 





4t er 


Ii 





(as 
dre tr 





-—1_ y Solid angle subtended by S at the postition of q. 


4re 


Q 





» Era .2z(1- cosa) 


l q n1 d | 
K pow JR +d J2 


am — ÀdS where 77 is unit normal vector to S. po dd / | 
f i R 





Figure 7.55 


36. Evaluate the solid angle subtended by a Pen of sphere at centre O as shown in fig. 


Solption. 
The bounding curve of S isa circle. 


So? solid angle subtended by S at centre O is same as solid angle subtended by a plane surface 


enclosed by circle C 
i @ = = le cosa) 





: subented byh D. phere at its centre O. 
J / kt 
Tí i Q= zaļi- T " 
i TN "a - | 


For sphere :, O=% 
So, Solid angle pa sphere at its centre 
= 2z(1- cos x) 


pus 





A 


— for Les " $ 


r2 





Figure 7.56 


1. Verify Gauss Divergence theorem for the vector F2 xti y j+z "k taken over the cube 
Expos. 


2. fu = 4yi +xj+2 22k aet using Gauss Divergence theorem the Surface integral I V xa.nds 


over the hemisphere given by x* * y! « zài- a?.z 2 0. 


Ans. zd 


* N 3 T o^ NIA l 3 
3. Verify Gauss divergence theorem to show that (Qc -yzg)i-2x j«2k)ndS « —a' where S 
3 N 


denotes the surface of the cube bounded by the planes x= 0,x=a,y=0.y=a,z =0,z=4. 





E NĀ 





10 


Ba Ta 





vence Theorem 


. Evaluate $Gi +y J+ zk) AdS where S denotes the surface of cube bounded by planer x=0, x= 


 ay=0,y=a,z=0,z=a by application of Gauss Gielgalice theorem Verify your answer by 
` evaluating the integral directly. . Ans. à? 


. Evaluate $ (a? t by! e cz? d$ over the sphere x+ pis using divergence theorem. 


= . l Ans. Sar (abeo) 


: Verify divergence theorem for the function F = yi+ xj4 2°k overthe cylindrical region bounded by . 


x'ty-mg,z-0,&z-h 


. Evaluate jl: x dydz eX ^ ydsdx tx 5 diy by Gauss Divergence theorem, where S is the surface of 


S 
the cylinder x?+ y? a? bounded by z= 0 and z= Ans. git? 


. Evaluate pF AdS where F = 2xyi Ae X xzk and S is the surface of the parallelopiped bounded 


byx=0,y=0,2=0,x=2,y=1andz=3. Ans. 30 


. Use Gauss Theorem of evaluate I xdydz + ydzdx + zdxdy S being the surface of cube bounded. 


. 


Use Gauss theorem to evaluate f. yz *dydz + z!x dzdx +(x" + y")dxdy where S is the surface of 


byxc U2 ep Oy 7427 0.274. Ans. 3a° 
Use Gauss theorem to evaluate pF F. dS where F 2 (x - yz)i-2x°y j + 2k . S isthe cube bounded 


. i 
by r=0,x=a,y=0,y=a,2=0.2=4 Ans. HÀ 


sphere x* +y? + 2? = @ above the xy plane. Ans. 2 


. Use Gauss theorem to evaluate S x ae +y'dzdx+z "dxdy where S is the surface of ellipsoid 


ak? ys czi3 |, UE Ans. 0 


vane Gauss theprem, evaluate oF F dS where F = xia yjs: 2k and Sis the surface of sphere. 


A [2r 
E qs. 5 
uss theorend f | xzdxdy + xydydz + yzdzdx where S is pyramid formed by planer 
2 EL i 
x76 RO zT Oty tz =a i i Ans. “> 


15. Using Gauss Diver gence theorem, evaluate f le zdydz + xydzdy + xydxdy where S is the surface 


16. | 


located i in the first octant and formed by cylinder x+y? =1 and planes x 70, y =0, z = 0. z= 
f Y a | 


Ans [5*5] 


If F -2x'b-Ayz j4 zxk , Evaluate $ F dS where is surface of the cube bounded by the planes 


1 
x= Vero ks y=l,z=0,z=1. : , Ans. 7 











SToKE’s THEOREM 








Let S be a piecewise smooth open surface bounded by a piecewise smooth simple closed curve C. 


Let F(x, y, z) beacontinuous vector function which has continuous first partial derivatives in a region of 
space which contains S in its interior. Then 
d = [VxF ads 
M 
where C is traversed in the positive direction. The direction of C is called positive ifan observer 


walking on the boundary of S in this direction with his head pointing in the direction of outward dis 
normal nto S, has surface on the left. In other words, the line integral of the tangential component of 


"n = : ; à 
petor F taken around a simple closed curve C is equal to the surface integral of the normal component of 
dn of F taken over any surface S having C as its boundary. 








I 


As jn y (95. .9R); 
y æ) ax J Vm F 


The outward drawn noma to S, 7 can be written in terms of directional cosines as 


=.cosai 4- cos pj 4 cos yk 
a,B,y are the ee ani ñ makes with x. y, z axes respectively. 














(OF, 8F, CF OR. OF, éF ) 
So, VxF rece COS COS ha ICOS Y 
Ov Oz Om ox | ax Oy] 
Also, F.d = (Fi +E, j + Re (id + dy + dk) 


aa F dy + Fdz 
So, stoke's can be written in cartesian form as 


\ a > SEXY] 
on. -Zh cosa [Zi PS esp: OF, OF) vus 
y Qo qe Uk n ~ OX 











Ox | éy J 


e 


fides Fay Fa: = | 


curves. The equation of S can be written as. 


Stokes Theorem ` 


z 7 f(x. y) 
Or, x= f(y. z) 
or, $ y=h(z.x) 


Now, we will show that the above surface integral is equal to Fak 


/ Let R be the orthogonal projection of S on xy plane and 
È be its boundary which is oriented as shown in Figure 8.1 using 


VxFi = 


So, — [VxRiAds 
S^ 








Ni [Vs RI Om 
5 - [vsttbaass [vc ise [varhad 





Proof: Let S be the surface whose projection on xy, yz & xz piane are bounded by simple closed 


(z as a explicit seins of x & y) 
(zas a explicit function ofy & z) 
(y as a explicit function ofz & x) 


P Jg ok 
O0 ə O| OF ^. OH: 
2 2 Sj 
Ox Oy O2| Oz Oy 
F 0 0 
= (3 j- P ka us 
Oz Oy 


Kem Z= f (x.y) on S we can write. 
x $56. y,z)dx = n Af »»dx 





= [FG f yes Ody 


Tien B 
RO - i 
-[[(8-9 aas 
R Oy 
ôF, = m 





C 









sl) 


Figure 8.1 


zo 


(E T Gy, fx ae LT 


The surface z= f(x, y) belongs to the family of level surfaces giv en by 


S:z—f(x.y) = constant 
A unit normal to the surface S is given by 


VS 

















Vector Calculus. 





So,from(1) l 
m. Ff 14 
[vxebats = -]] TRU S ay al a à 
: | 
[en 2 OF, zz 
From (2) & (3) 


[Y xF has = Fads 
Similarly, 

[Yx (F Ads" $5. 

[Vx (Bids = Q Fide 
Hence, oe jv«Fóas 


ji IfSisa plecewise = oh surface consisting of n surface S,» S, .....S, with boundaries C, Cp- C, 

| then, Stoke's law hold for each such surface intergral; then sum P surfices over Sp Sy e C, will give us 
^ surface integral over S while the sum of integrals over C, C, .... C, will gives us line integral over C. 

/ ' Corollary : If R is the region in xy plane bounded by closed curve C. Let the vector function 

| F-2Mi« Nj. i=k,dS = dxdy 


X 






A 


e£ ds = [vae [|n a dy 


, Es 


__So, oy si 's theorem 





. 1. The value of $F. .dr is Eu to 
_(@) 0 (b) 2 
Ans. (a) 
Using Stoke’s law 
$F- dr = fvi -ndS 
C 
| -0 as (VxF - 0) 
2. The valueof fgVy dF + Oy Yọ- a 2 
9o O01 . 219 2^ (d) 3 
` Ans. (a) 
aa We -dř = "jam vod dr 


pertain treater iL remp etes 


(| Stokes Theorem | ; 





V(oy)-dr 


€ 
SO -adS ^ (ByStoke'stheorem es dF = [yar -Â dS). 
0 


l (as Curl of gradient of: scalar function 0) 
3. The value of TN -dř for closed curve Cis equal to 


Go (1. 2 | (03 
Ans. (a) ps . 


$àvy-dr = T x(0V6)-Ads (Using Stoke's law) 
= [mbxves eve ndS =0 [uos 0 & Vx(V) 20) 


SERE 
An 








1. Provethat $47 = [d$xV. 
S 





Solution. 
ri Let C bean Ar constant vector 

: "us BN CO 

|  ByStoke stheor em 

6 a $4C-dr = [v«qó: d$. 
" * C S 

x = 0+ BN) č 
Se, a c [m 
o Cpr = d [sv 
Hee, ! $dr = f 'a$xvQ 
2. By Stoke! s theorem, prove that curl grag $20 

Solution. i 
Let S be any open surface bounded by a closed curve C as shown in 
fig. 8.2. Let vector function be ee 

F = grado 
By Stoke’s theorem 
[VxF ads = OF -ar 
5 C 
If | F= Vọ 
z 

E [vxem- ads = Vo-dF 


` Figure 8.2 


s 0 






Veetor Calculus. 


Since, surface integral is zero for any arbitrary surface S. Sosthe integrand has to be zero. - 
So, Curl grad $ =0 
3. Verify Stokes theorem for F = yitz 4xk where S is the upper half surface of the sphere 
xtytz-daandCisits bounding curve. 


. Solution. ? 
Sisthe surface of sphere x? + y Tz-7gq lying above xy plane and bounded by the circle 
Ciltte 


On curve C, x 2 acos0, y 2 asin0, z=0 
dx = —asin 0d0,dy = acós080, dz 20 


So. F.dr = ydx + zdy + xdz l 
= ydx (z=00n C) 


$F4 dF = d ydx 


jm -[ sina asin 020 


2x 
? . | 
-a f sin’? 6d0=-na 
0 








/ UO P de 
p es ? 8 ie. d 9 dl m i Figure 8.3 
f & Ov & : 
/ Me ESQ G6 


à i ^ i 
? 


Consige ra clescd piecewise smootlisurface X consisting of spherical surface 5 : f y tz-g 
and $':z 20. cmd volume V.. * 

v d da l V-(VxF)d$ =0 
Fen d$ t x xF-fdS =0, 


x 


4 

P 

: r 
Ir ay 








" Tera Ads fis “dS 
EAS s' ! 
On S, outward drawn unit normal 7 = 2 
| VxF-n = (-i-j-E)Cc521 
So, [VxF ads -[V xF ids 
S y 





M 





-| d$ ; Figure 8.4 
S 


= yu 
Hence, oF dr = [ye dS 


! Stoke’ S hek verified. 
4. Verify ee s theorem: for 
=(+y)i-2 »j 
taken in the rectangle bounded by x =+a, y 20,;y =b 








Stoke's Theorem 





Solution. EE 5, 
C is a piecewise snos curve consisting of y= 0, x-a,y-b&x--a. The curve C aos a 
plane surface lying in xy plane as shown in fig. 8.5. 


Let us first evaluate the surface integral fy x Finds. 


$ M d 
Let us orientthe curve in anticlockwise direction. With this or ientation nak. 


You must remember that the direction of C is called positive if an observer walking on the ‘boundary 
of Sin this direction with his head in the direction of outward drawn normal 71 A to S, has surface on his 








left. 
i j & 
-= 0 68 Q Y 
Vm > qe umm 
x  ^Qv & 
xy -2xy 0| 
= -4 yk 
VxF-n --4y 
7 The surface element d$ 7 dxdy 
P [vF Ads = -af | y dydx Figure &.5 
/ l -a0 
AS = -4ab*-. 
‘Now, Let us evaluate the line integral 
“4 | [Pea = [Figs [Pr [Fare | Pear 
ABO A CD DA 
Ro em on i F.dr = (x2 + Phd - 2xydy | 
jf N ih x a, dx = 0, y varies from 0 to b, 
i 4 * FG poe . 7 , - 
f ^ ra d" [Fa a = | pde a 





AB 


On'BC. y =b, dy=0,x varies oni -a 
F.dr =(2+B) dx 


=Q 


-u 3 
| Fa = p e 
BC a 3 a 
On CD, x 7 —a, dx = 0, y varies from b to 0. 
F-d = Bi 


J F.dr = 2a| ydy =—ab* 
D b 


On DA, y=0, dy = 0, x varies from —a to a. 
F.dr = xix | 








| Pa = x'dx =— : 
DA -a =r 
So, . aoe [Padre | Pears [Fre | Far 
CD DA 
f = -a -2a ab? -ab 429. 
=— dal? 


“Bethe. . $F = [vx nas. 


5. Verify Stoke's theorem for F =(2x- y) - yz j- y: z k We Sis sthe upper half: Wilde ofthe 
sphere x? + y! + z! 7 g and C is its PONDUADE. 
Solution. ua 
` The surface S is the part of sphere x? + y! + 2? = a? above xv plane bounded by curve C, > © 
“x+y =a’, z=(0as shown in fig. 8.6. 
On curve C,x=acos@,y=asin@,z=0 — 
dx =-asin6d6, dy =acos@dé, E 0 
F -di = (2x — y)dx - yzidy - -y’zdz 






f |: . = (2acos0—asinO)(-asin 080). 
"d = &@’ (sin? 0—2sin0cos0)40 ` 

i l . 2 2r à l PT f : m 

Yep Ta pF di = a f (sin? 0— 2sin 0 cos 0)40 

i » & ; g is, 0 a. : ; : : est P 

CLE MEETS E | | m 
dig A i Figure 8.6 
Now, let us evaluate surface integral fom F-ndS | 
E. E 





. x Ox y | G 
j & 2x—- y -yz ? lylz 


Now, consider aclosed piecewise smooth surface l consisting of spherical part s: xcxy-tz-2g 
and its base, S”: z= Oas shown in fig. 8.6. 
By Gauss divergence theorem _ 


dh ids = fv: (VxF)dt =0 (Visvolumeenlsedby x) 


yo 





E jie ias [vs -dS =0 


So, ques nds = qu -AdS 


a 


On S", outward drawn unit E vector ñ= ~k 
dS = ‘dxdy, ` VxF-n = (i) =-1 l 
Vx Fads = [VxF.üdS .. 





É Figure 8.7 


Vector Calculus — 














Stoke's Theorem 


= Jas = area of base = re 


So, §R-c df = junk ndS 


Hence, Stoke’ 'stheorem i is verified. 


6. Verify Stoke’s theorem for F= -yi 4x j where Sis the circular disc x +y<a@,z=0. 
Solution. i 
Sis the circular disc bounded by circle x? + y' =a’, z=0 (curve E as shown’ infig.$ 8. 
Oncurve C, x= acos 0, dx --asinOd0 
y=asin@, dy = acos@dé@ 


F. df= —yldx + xdy = (a'sin 6 + a'cos’ aye 








So, Fa =a “Fei 0-- cos 0) dO 
à € 
Ji m i ZU 
A 2) Ms 
l 2 
f ‘ JO 
Now, let us evaluate, the surface integral f V x F.ñdS 
: T 
dae du 
RC. UH. oe us ubucpee du 3 
C VxF-p— = = 
B "ri Oy & 
a x 0 
SY " ja . E 
j S. Boo 000 7X +y)k | Figure 8.8 
pos E Qut d drawn unit normal vector to S, fi n= k SW i E 
x x^re080 ,y- + siho 0005 E 
" OVxF- N=30e+yj= 3p 
(S8 004. dS= dxdy = rdrd 


| or af Pde 
5 : 

‘ja 
0 


na‘ 


1i 


to | we e aa 


Thus, | Fae Dae: nds 


Thus, Stoke's Dcus is verte 
1. "eub Stoke's theorem for the function 


F ze yh 


. where curve Cis the unit circle in the xy plane bounding the hemisphere z= J1-x! - y. 

















a Vector C alculus af 





 Soliton LM | 
The curve Ci isa unit drelex yx? * y=1,z=0 bounding the surface. $ which i isa thence of unit 


| radius given by cus x’ y | 


On C, x 7 cos0, 5, sin6, z= 0 P 

|. dx =~sin0d0, dy = cos8dO0,dz-0: = 
F-dr = zdx + xdy + ydz ` 

. = ydy on curve C 

So, E dr = J^ 


: es 040-5 - 


- 0 


_ Now, let us evaluate the surface integral ly xF-ü AdS 


Consider a closed piecewise smooth suus consisting of hemisphere S and d base Ss 
. figure 8.9. 
By Gauss Divergence theorem 


um "AdS = jv. -(curl Ë): ‘Ads = 0 


as shown in 


z 


EB a S [VxF-ids [| VxF-ids =0 
; : so. . s, : 7 ! 





iut VxF-ü--bp 
Ce -dS = Tes Ads. 


Jas- area of base S" 





Hence, . E ds [vs ‘nds . i - Fuucsm 
Thus, Stoke's corri is: verified | 
8. Evaluate by Stoke's theorem 
Qe'dee2ydy - d: l 
where C is the curve x? +y =9 &z=2. 








Stoke's Theorem 


OR 





Solution. 

The curve Cisa circle of radius 3 units at a height 3 units from xy plane and having centre onthez 
axis. Let the surface enclosed by this curve is a disc of radius 3 as shown in fig. 8.11. Students kindly 
note that the man with head in the direction of 7 and moving along the given orientation along the 

. perifery should'sce the surface on his left. So, the direction of and orientation shou ld be matched 
accordingly 





i e'dy + 2ydy—dz = $t «2y- -E.ar 
So, F = ei+2yj-k 
i j k 
. [89 8. 8|. 
curl F = EN o à 0 
e 2y -l 
By ed theorem à 


Fit 8.11 
OF: ‘df = =] curl F- fds sa 


-. =0 (Since, curl F = 0) 
A Evaluate by Stoke’s theorem 
/ . $4 yzdx+ xzdy +xydz 
M : where Cis the curve ofi intersection of x x ty'z2l,z-y. 
Solution, 


The curve C is the curve of T" ge jue yas shown in fig 8.12. 
N - - $ozi «xz j+ayh)- dr 
qo Fe iecur 





d m cu P = 9 3 ô =0 
o, à Oy & 
fF z E : yz x xy * 
. By Stoke’ s theorem 
| 1e dr = Jeu. ddso 
=0 | (as cul F- 0) ji 


Fi igure &12 
10. Evaluate dois + xy dy by Stoke's theorem where C is the square in xy plane with vertices (a, 0). 


(^a, 0), (0, a), (0,~a). 
Solution. 
. ThecurveCisa square enclosing a plane surface Si isxy plane. 
The normal to S for anticlockwise orientation is n= k 


— Goydeexydy = hyitay fd — 
where F = yi ty j 
























Vector C tticilus ` 











2 i j k 
VxF = 9 9 9 
ox Oy Oz 
| xy xy’ 0 
7 =(p-x)k 
So, VxF-n =(y—x) 
x dS = dxdy 
By Stoke's theorem l e 
| GP-a = [VxF as Figure 813 0. - 
hy : 
= [Jo -ddd 
The curve C consists of x + y= a, x + y=-a,x -y7 4 X-Y 77€ 
To solve double integral i 
Let u=xty 
ZEND prm cust 
" 2 2 
/ dx ar] 
P Any) |ów ay 
i A . O(u, v) Oy Oy 
E On v | 
iu 
z|2- 2415.1 | | 
M “ji i 2 Figure 8.14 
a a cal 
So, dxdy = | 927 | dudv 
Ve O(u,v) 
= Lee 
2 
E- lg +v? -2uv -2u - 2v) 
l ad 1 " E d dv l 
So, ? 2 x)dxdy = — | [G6 +y? - 2uv- 2u- 27) dudi 
a foci ertt 





Aj 


bios 


mE a : 
3 ? 
rm -d-a 


Ep ant-0-0-tn 
3 ; 


ta E 


iE 
^4 


a 














* Stoke's Theorem i 





celis ay 
i. Evalüste by using Stoke' E GPa dr. where F 2 yli«x!j- (x+22)k wher C is the 


boundary of the triangle with vertices at (0, 0, 0). (a, 0, 0), (a. a, 0). 




















Solution. 
.. The curve C is triangle with vertices at (0, 0, 0), (a, 0, 0) & (a, a, i Let S is the surface enclosed by 
CHE 
Fe vitx j- baak. 
Pj k 
ae ð ô ð 
VxF = EY ay à 
dy xX -(x+2z) Dy 
» = j+2(x-y)k 
| . For given orientation of C, normal to Sis à — £. 
z : (a.a,0) 
/ VxF. que iH y), dS = dxdy 
( By Stoke" s theorem 
NE OF as eel Ads 
= Ale nea (0,0,0) y=0 (400) 
» Ae 
fs : a f 
= IE. Figure 8.15 
: = 2 ay dy " 
GEO S. ef @ -y?)-2ya- yay 
F Mog or à 0 U ; 
| = [0 -2ay « a!) dy. 
: 
.3 EM 3 
= L-a tay =— 
3 0 


12. Evaluate by Stoke's theorem 
: $sin zdx — cos xdy ^: sin ydz 
where Cisthe SOIN ofthe Seia O<xen0s sys $2,z= 4. 


Solution. ° 
Thegiven line integral 


(— $sinzdc-cosxdy sin y de -  f sini - c Prat yb: dr 


$80 - Fe sinzi -cosx j+sin yk 





_ Vector Calculus * 











ip given orientation of er curve eC, À n= =k 
p j k 
-lôa 0. ô 
curl F =| — | com 
i . | x ay Oz 
. 7 a 7 X 
sinz -cosx siny 
= cos yi cosz j +sin xk 
curl P -ñ = sin x, dS = dxdy 27 (0, 0, 4) (x, 0, 4) 
Figure 8.16 - 


So, by Stoke's theorem 


Z | : 
a z 20. UseStoke's theorem to evaluate 


d 
i% Let S be the surface x? +y? + z 
4 Qx- » jor ydy - -zdz 


Z^ 
where ci is the cule Vtyp=i,z= 0, ofiented anticlockwise. 






Be «ie -yi> yl- -zk 


| | ien theorem - 
i $E dF = [ox d$ 


Now. we have to evaluate [iv xF) dS 
. : 
Sis part of sphere x? + y?+ z?= 1 above xy plane. Let us wida surface S made up two piecewise 


smooth surfaces S and S" where Sis base of hemisphere bounded by curve Y +y=1,z=0. 


By divergence theorem ` 
PV xF as = [V(VxF de 
4 l 


Lo E 
GV xF Ads = [VxF-fidS + f V x Fads 0 
i S .- S 0 à 





=> [Vx F-fds = -[VxF-fdS 
S i Ly : 
l Figure 8.17: 





TENEN 





Stoke's Theorem ^. - 


VxF = ur 
Oz 


Dou P | 
For S,nz-k, dS-dxdy 
TS (AdS = EA -ndS 


aff dxdy = Area of bees 
: Hence, by stoke's theorem 
: óF drm F 
` 14. Let C be the curve in R? given by r+ y'= a’, z=0 traced counter-clockwise, and let 


F- vy it j*zk. Using Stokes’ theorem, evaluate oF: dr 


Solution. 
The curve C is given by x? + y! = a’, z= 0 as shown in fig 8.18. 


Feoxvyitj+zk 


i i ji 
m d ^ 
/ Ver G LAE 
4 ax oy Oz 
à yy 4 og 
“For Surface bounded pa curve C, ñ = 328 
jo» 
"e eoim 
P= fi (VxF). dS. 
- af f x ^y dsdy. 


Ue 2wa 


--3 J [ee sin? cos? 6drdà 
(putting x = rcos0, y = rsin 9, dxdy = rdrd®) 





3q° 2n 
= | € 


0 





ni2 


= —29° [ sin? cos? 6d0 


" 5 (MK F F | 
Uu 2 pe 


ect 


2] 16 


| 15. Verify Stokes’s. theorem for the hemisphere x? + y + 2’ = 9, z 2 0and the vector field 
Fz(z- yit(- “2yz) j + (2x2 - PK. ij 

















' Vector Calculus - 


m 
SATA 7 


Solution. | 
The bounding curve C of Sisgivenby xi +y = 9.: z=0 z 
Letx= T 3sinĝ;z=0. i - 


s pF df = ie -3sin8. 3Csinpdba onst)à :3cos 040 





S; 
= 9f” d0=18n 
i -j E 
2 180 . @ ô ~  * 
ehea 60 £o dao 
VxF 3 à & 


ry jer, 19 
z-y x-2yz 2xz-y’ Figure 8.1 


Consider a surface 2; consisting of piecewise smooth surface S & S'as shown in fig 8.19. 
QF dF = [. Vx F.Ads 
I | 
= [Vx Fas «|. Vx Fads =0 | 
(Using Gauss Divergence theorem) 
| VxF-&a$ = -| VxFAds 
S S 
= -. 2k.(-R)dS  (ForS,n - -k) 

2) s ds. 

N 2x9nzl8n 
2 88 EET = [(vx yas 

Hence, Stoke’s theorem is verified, | 
16. a Stok $ theorem evaluate the line integral. 


ESG ki +xk)-dF 


wliere Ci is ‘the i esgid: ofi y 4 z'-[landx + y= Zo traversed i inthe clockwise direction when 
- viewed from the | point (1, 1,0). 


"3 


uU 





Solution’ Ne ge 
Using stoke’ s theorem | 
pF. dF = [VxF Ads "E y 
$oi «dex - [VxGi + Z + xk) ds ; S=x+y=0 
pe NS 
|. Ns 42 x 
4 oj À 
VxOr ez xt) = 9 9 9 Seip : Figure 8.20 
(o |ê Oy OZ so UE 
y z x| 


[ci-i-e- fdas 2 fas = on | 





Stoke's Theorem - 





17. Considera vector A= Sig i-3y! j | 
(a) Calculate the line integral fA. -dI from point P — Oalong the a P+ o — R-»Oasshown - 


Tamen 


(b) Using stoke’ S (lion appropriately, calculate [4 -dI for the same cipal P> p- >R>0. 


Solution. 


E : 


j 


A. 


4 


^ 


A =-Ayx?i - 3y j 
E. di = = -Ayx'dx — 3y'dy 


The line integral | A-dl dl from P -> Oalong the path P+ Q + R — O is given by 
[adi = [ A-di+ [ A-di+ [ A-di 


PO OR 


Along PQ, y= 1, dy=0 


E ! | 4 
f A-dl = ~4[x°de = -— 
PQ 0 " 


Along QR, r= 1 d= 0 





| Adi di = EL 
Qn 
“Along RO, y*0,dy-0 
3 . f A: 1-20 
. RO i3 
So, [4d E a 
T UY E 
z dt. ! 
es vlas| 2°. 2. 
bs ox oy 
-Ayx? -3y! 


So, 


RO . 


P(0,)[ 





0(0.0) | 


R(1,0) 


Figure 8.21 












l Vector Calculus 





So, line integral along P -> Q — R > O 
[44d - $4-di- [44d 1 
ar 
? E s aes 
ora 3 


18. (a) Consider a constant vector a v= vk . Find any one of the many possible vectors it, for 


l which Vxī=v. 
(b) Using Stoke’s theorem, evaluate the flux associated with the field v RUE the curved 


hemispherical surface defined by. xt Jure rz». 





. Solution. 
| (2) Let i= ud +u,j +u,k 
Vxu=y 
P d) o 
d ES DEL PEUT 
ox Oy az} ' 
f u u, u, 7 Figure 8.22 


Z . i ^ 
j| One ofthe possible vectors can be taken as 4 =v x j 
d o), Flux associated with field v v l 

4 b = [5 y. n nds 


[ves ndS (Since y = Vxu) 
S f E 
= $i dro | (Using Stoke's Theorem) E 





janjo., 
C 






kér k= roló, y=rsing 
Me 3 dy=rcos@ d8 


dy = r° | cos’ 0d0 =n," 
f y =r E T. 


So, [5 ndS = nr’v, . 
19. How much work is done when an object moves from y 
O > P > Q > R > O ina force field given by 


F(x,y) =(x - yy *2xy j. 
Along the rectangular path shown in fig 8-23. Find the answer by 
_. evaluating the line e integral and also using the Stokes’ theorem. 


Solution. 





Figure 8.23 





` Stoke's Theorem ` 


P j 
VxF = KA 2. 
& ð & 
id x!-y! Ixy 0 
© =(2y+2y)k=4yk | 
Re ag eee seth) 
l op PQ QR . 
For OP, x = 0, dx = o” 
| F-a=0 


op 


For PQ, y = b, dy=0 | 
a 3 

of Feat = [e bacs — - Ps 

0 . 


a 











PQ 0 
= T - ab! 
MN. 3 
For QR, x= a, dx =0 ; 
| á : 
Y | Fears ode | =a 
] BM ME ; 
t. For RO, y= 0, dy=0 $3 
f ] eo dh P 
: F.dr —|x!dxs-— 
Using (1) p^ 
^? o a : 7 | + P P a | p a 
PU Using Soke Whéoem OO ^ — 1 


A $F. dF = [vs -AdS 

- For givenoti orientation of loop, n=-k.dS= dxdy 

[VF -Ads = [fay deey s 
= Dab? | 





20. Avector field is given by, 
| [eG - yf) 
F(r) = 
ar -——— Gj-yi) for (x° +y’)>r (region - II) 
(x +y’) l 


Here a and r, are two constants. 
(a). Find the curl of this field in both the region 


(b) Find the line integral pF. di along theclosed semicircular 
path of radius 2r, as shown in the figure 8.24. 


for (x? +y’ )<r? (region - I) 








. Figure 8.24 


` Vector Calculus 





Solution. 





FQ) = o(-yi*x) ' for r &r, (Region) 
= ar? C093) forr»r, (Region II) 
Bi X +y 
i jk 
: we" ô O0 ð 
(a) Inrgion:  VxF = a oy = 
-ay ax. 0 E 
-2ak 
_ Inregion I: . 
i j k 
OE MN E E 
MTC y óy  az|=0 
oy — arx i 
xb y! x y 
EE (b) Applying Stoke’ ‘slaw l Ps eno 
7 fË- -d = [vxĒ. ads Figure 8.25 
f . 
í a RJ iB v -dS 
[5 


= ZANY, -. (forregion|, n= xb). l 
ile with vertices (0,1,0), (1,0,0) and (2,1,0). if: 


yz ad; he use Stoke’ stheorem to evaluate [F F.dr when C is traversed 
C 







yelo kwise when viewed from above. 





Solution. . t 
According to Stoke’s Law 


Far = [x Pia 





TED i t . 
ij d 
8 0 8 
-|Óx Oy. & 
-y yz zx 
BE eit : 
l (1,0,0) 
Forthe surface Bandit by triangle, n= k. . 
: . Figure 8.26 


(Vx FP) =1, d$ = dxdy, . 
















Stokes Theorem | 
fo xF)-AdS = [as = f i didy 
is 0i-v > 


i 
0» = f2 ydy-1. 
‘ ; 0 
22. Verify Stokes’ theorem for 
F 2 Qx-3y)i « yo jty zik, 
S:xbtyltzz 1,220. 
C : the bounding curve of S. 


Solution. 
OF df = ae 3y) pas apy 


Ciscurve of i Sce of x 24 y+z=landz=0. 
x= “tos, y=sind,z=0. 


a dF = ic -3sin 8)(-sin 8 d0) 





y! 
Pa a (3sin’ 0 -2sin0 cos 8) d0 = 3x 
r Now, consider asurface X consisting oftwo piecewise: smooth surfaces S & S’ where $ is paraboloid 
yetytz= 1 andi Is part ot xy plans; z=0. 
go | gv xF. dS = 0 


dii hass [vu Aids = 0. 


T n eot Ads. 


iude 





UPS S ME T. ð 
T k UNS S oem um 
i ax Oy . & Figure 8.27 
px 3y. yz yz 
=3h 
For S", --k 
EN d$ = ee ass 3 [4s - 3n 
- So, D d = [n &dS — (verified) 
23. Verify Stokes’ theorem forthe function | 
F=x dx 
integrated round the square inthe plane = Oand bounded by the lines r=0 p 0,x= aand y= a, 
a>0.. 


. Solution. 











Vector Calculus 





BE 
VxF = 9 d 9 
? Ox Oy & 
x - 0 
--yk 
VxF.fü--y Figure 8.28 


a 


i (3 2 6 
^ Apply Stoke's theorem to prove that 
| ees ay eu - = 242 na, 
AN 
where C is the curve given by x! n ry *tz-2ax- 2ay = 0x i= 
oes first below the xy ae 


2a and begins at the point 


` (2a, 0, 0) andg 
à Solution. E 
» Curve € Ci ist 








The,centre of sphere Os a, 1,0) and radius us 2a. ss 


6380-2 ay tege 

The centre of sphere (a, a, 0) lies on the plane x+y=2a. 

So, the curve of intersection is the greatest circle. Let the surface enclosed by greatest circle isa disc: 
of radius 2a as shown in Fig.8. 29. 


a ^ 


it 
For; given orientation ofc curve C, the "E to the surfaces Sis n= UE Í 
E E 


hyde zdy xdz = Qoi eg «xb-dr = pF -aF 
J 


So, F= yi+zj+xk 
o NE og k 
OEP Als chee 
w 7 Ox Oy Gz bo: 
y z x 








Stoke’s Theorem 


- By Stoke’s law 9. 
pF dF = (VxF Ads 
G S 


[as 


‘= —42 x area of disc of radius 42a 





j 5 -2/27 C | ues Figure 8.29 
E Use Stoke's theorem to evaluate [v«£- -ndS where F = = yl i«(- 2x2)j j- xk and S is the : 


S 
surface of the sphere xX +y +z = ] above the xy jiane, 


Solution. l 
Sis the surface of sphere x? +y? + 2? = 1 above the xy plane. The boundary curve C of S is a circle 
x +y = | lying in xy plane. 


-F= yi *(x-2xz)j- ok 


|^ On C x=cos8,dx =~sin 640. 
{£  yecsinB, dy» cosüdÓ 
zz, dz=0 
3 z 





- Figure 8.30 E 5 i Figure 8,31 
F dF = = ydx + (x ~ 2xz ad- xydz 
. = -sin* 8d0 + cos’ 040 = cos26d0 - 


By Stoke’ siw | 
Elis pF dF 


2n 


=0 


2r 


sn cos ac = mE 20 








26. Evaluate the M integral J Vx B. ‘nds by vansforming itintoa line integral, S being that part of 


the surface of the paraboloid z= eis -x- -y ? for which z 2 (0 and F= yi +zj+ xk. 








Aa eae 







` Vector Calculus — 


Solution. P MO a = 
` Sis the surface of soleil z= ie a zy linga above xy plane and bourided by curve C, which IS | 


M acirele e y=] lying in xy plane 
4 E E icis 











Figure 8.32 e od - Figure 8.33 
(Fe dr = ydx + zdy + xdz > 
~- on C, E x=cos6 dx = -sinddo 
: y=sin@ > dy = cos0d0 
m^ z=0 > dz=0 
"2 guo ie e Sp dioc = —sin ede 
Jo. 


^ 


So, by Stoke's theorem | 
[vx£. ds - $£ dr 


2n ^ 


Jus odo - 






| the bel. * y tz D + Z7 0 above the ple z= =0 and verify St Stoke's theorem.. 


Sis Datofipheie ty + -t= -0ie: d ay +y niaj- = ofradiu De is 
bounded by circle x? + y — 2x — 0 lying in xy plane. | : 
i ‘Let us first evaluate the surface integral [vs x F. -n n dS. Consider a closed piecewise surface p i 


. Consisting of fiemisphere S and its base in y plane s 
. By Gauss divergance theorem 


ePi Jv: (uoa f 
E o Revver ads = 0 


de TE = 2 Adi 








` Stoke Theorem — 


E Fd 672 


-2 23 eo S 
3 j d 
vxF=| 2 Sa e 
? : Ox Oy Oz 
2:5 


ez ee 24 a Lry -az NE 
l -= 2Xğ- zji 4 2(z— 3j«26- yx. oe 
- On S', =k, VxË-ñ=-Ux =y) 
| dS = dedy — | 
So — [VxF-adS =--[VxF ids 
= 2{[(x- y) dxdy 
n/2 2cos0 i "m. : ane 


E 2 | f r(cos0 — sin0) r dr dO ee 


-250-- PE Figure 8.34 


> 
PA 
wo 





"2. 2cos0 


= 2 | &os0- Dp | -dO 


E 0 c 


= a (cos0— "sin6)cos' 00. i 
Peon, $us : Ot, vy E 

-— L4 i 
a K (a 040- b] 


ui S -=ŅĦ/2 


sun z ABER. 










us i+ cos; oe a gc MT s 
y" sin, dy cosódÓ "C m IN ME .o Figureki$ 007 
2=0,dz=0 Oe ea ; 35 = um om 
F. T +x dish 2) de 

=e- y)dy 

xe-y)dy-do . 

AG “(1+ cos? 64 2c056- sin *@): (cosd+sin@)d0 . 

= (cos? 0- ~sin’ "O+ cos? Osin 0- sin? 0cos 0 + 2cos? 9 


| | | (cos sin 6+ cos6+-sin 8)d6 
^—. So, E dr = fes 0- sin ! 0. cos! 0sin0 —sin* ? 6cos0 +2cos” 0. 


; + 2e0s0sind + cost sin t)do 






r-72co0 ^ .— 





_ Vector Calculus 





= jj er MMC CM 


Mee B E 
Hence; FA ue [Vx E. dS ` 


So, Stoke" S thesfenii is verified. 


28. By converting into à line integral, evaluate [veia aS when A= Gx z) "m + y) j- ay’ E 





2 and Sisthe surface of the cone za2- xt y above the xy plane. 
Solution. E 


x? A Y "above the Xy plane. Itis wiid by curve Ci in xy plane. 





Sis the surface afer cone z= -2- J 

. The curve C : is circle of radius 2 and centre atc origin in xy plane. 
(2 e. Oncurve C, x = 2c0s0,y =2sin@,z = 0 
dk = -2sinddd, dy = 2 cos8d6.dz. 0 

n: A OF = (x~ z)dx + 63 + yz)dy — 3xy'dz ; 
a xd xy | (asz=0,dz= RA 
--4cos0sin 648+ 16cos* 9.40. 
M: On C. 0 varies from 0 to 27 


Z 







baa zii stunt 6] os" ZI ] E » 





whee Pe uu n E T 





- (i) the hemisphere x? + y? 24.22 = q? above. xy bnc d 
(D. .the paraboloid z= 9s iu + 7’ aore the xy "oy 
. Solution. - 


(i). Sis the’ surface of kaa xtyetz- » "above the xy plane zd bounded by ihe circle C 
x+y =a’ in xy plane as shown in Fig.8.37. 


On C, x= acos0, y - asin0,z 20 
dx = —asin 040, dy = a cos946, dz=0° 
F dF =(P+y- 4)dx + 3xydy + (2xz + 2)dz 
(oom(a* cos' "0 asin0— 4 ‘(-asin 020) +30? cos sin (aeos do 


= a? Cos *6sin = <a sin’ *6+4asin 9+ 3a" cos s Osing)dü - 








Stoke's Theorem ] 


By Stoke's theorem 
lh VxF-AdS = oF: die 
S 
2x 


= [iaeo COS '£sin£- a sin 18.1 Agsin d E 


+ 3d! cos! 0sin8)d0 
22. : 
-a° | sin? 0d0 


0 





fer Figure 8.37 
--nd 
Gi) Si is the surface of paraboloid above xy plane bounded by curve Ci inxy[ pline. 


Bounding curve C is circle x* *« y! =9 of radius 3 and centre at origin as shown in fig.8.39 
On C, x 2 3cosÓ , y=3sin@, z=0 


dx = -3sinf d0, dy = 3cos040, dz = 
Bed? = (X +y- 4)dx + 3xydj + (2xz + 23d: 
= (9 cos! 0 3sin 6 - 4) (-3sin 040) +8icos’ 0sin 6d6+0 
. = (S4cos' Osin ð -9sin?0+12 sin 0)d8 





Fi & FE ne eS : 

£ gwit » i s Figure 8.39 

^ E By stoke is theoreid ar E 
Wigs -naS = E dr 


- f (54cos’ 0sin0 — 9sin' 0+ 12sin0)d0 
0 : . 
2m 
= -9 | sin’ 040 
0 
= —9n 


30. Verify Stoke’ s for the vector F =3yi-xzj+yz°k where S is the surface of the paraboloid 


z=xrt+y bounded by z=4andCi is s its boundary. 
Solution. 


Sis the surface of patoi ZEEP and bounded e z= 4. 
The bounding curve C will bea circle x? y! 4,274, 















HSE A a SMS RY eee e RET ETI e 







* Vector Calculus 7 


- Fora given surface, if A ñ isan outward drawn normal, then the conespondingor orientation ne curve will 
be clockwise if seen from above. l . 
Let us first evaluate the line integral 
OnC, ~x=2cos@ ,y=2sin0,z=4 | 
| dx --2sin0d0, dy 72cos0d0, dz = 
. Fd? = 3ydx ~ xzdy + yzidz . 
. = -l20sin* 040 —16cos' 040 +0 


ae dic i2 sin’ 046 — -iejo edo 


5 E : E i 
E: 228 : me wi We Figure 8.40 





Now, consider a closed piecewise smooth surface 2 consisting of parabolic part S and base S’ 
at (z= 4). l 
So, by Gauss divergence theorem - 


PV xF Ads = [V-(VxF)dt =0 
NE 





Es x : i k 
VxF = ae E 
Ox dy 0z Figure 8.41 
: i I3y —XZ xx i 
oe. ] 
A pas =+) +05) = (e+ SÈ. 
UDORSS Vx =-(2+3) =-7 (z= 4 on) 


Fa 
Sb [Vx Pads = de Ads - 


E 
= 1 dS 
s 
— 7 x Area of base 
= -28z 
Since $F dF = [VxF Ads 
M 
Hence, Stoke's theorem is verified. 
31. Use Stoke's theorem to evaluate the line integral $x yd +dy+zdz where C is the circle 
C 
ety =4z=0. 5 
Solution. 


The curve C isa circle x? + y =4 in xy piane. Let the surface helical isa disc of radius 2 lying in 
xy plane and bounded by C. 





a E E e E n= a E ud f 
$5 Yd drezdi à Rd i+ jab) di 1 E 
So, - E: PS P yit jad: 





TO EE i 
VxF = e MA 
xy ls zy 
=-3i2y" f 
On S, n= k: dS= dxdy, z= 0 


A : Figure 8.42 l 


3 


4 VxF. LEERLO 
4. So, by Stokes theorem 


Po Jv: x F-üds 


efr 
$ "m f " 
--3{ fr sin ? 8 cos? Oddo : 
v. EE (T sin? Gcos^ 00 
t MEX 0 
i 2 








; d(e- P dedi (s - Dag > where s. is the portion, of the surface. 





E kc D adu ee y)dedy 
={[o- ji «(2 3) + (x—y)k)-(dydzi + dzdx j + dxdy k) 
s “fo- z)i +(z—x)j +(x- y)k)-AdS = [x5 A dS 
So . VxF = (y= z)Î +(z- x)j+(x- yy l 
ifo F= PUE 


*o-2i«( -3j +(x- yk di 





Ly : i f s ~~? 


sje 


F igure 8. 43 
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X 
MT 
i C zZ 
a Oz 
E $ m 
iss =o 
] 2 2 
2 oxi Rez 
So, - = 
oe 
i 2 
Similady, gc = 
| | h ' xy 
So, ` 7 E tz yale tX aes 1 ty DK 
Sis the portion of ees y> -2y+z= e Nen The bounding curve of this surface is 
x he 2x- 0. y 
Le. (x — 1)? +p Í 


On C,x=1+cos6, y=siné,z=0 
idx = -sin6d6, dy = cos0d0 


Fe dr =50" tz dx e exe TG +y’)dz 
Se P ud l EM 
MN ES 2 
= Honi 6(- sin 648) (1+ cos) 9) cos 48) 





Figure 8.44 





By Stoke's theorem - PE "o. 
ea wxFds-$P 
M $e J Í 


: (cos? 0-2 sie 04 cosó =sin’ 0)d0 - 


= ue ena TEREE ~sin 5 9)d0 
0 , 
= feos Qd0=n 
0 


33. Evaluate using Stoke’ s theorem 
fOD dttd + Gee 


where Cis the circle x yee l, x+y +z=0. 
Solution. ^ oy 

. The bonding curve Ci is the curve of intersection of ien xy +z =]andplanex+y+z=0. 
- Let the surface 5 be a disc of radius 1 with centre at orizin bounded by C 





Stokes Ti heoreni " 





ZU de CY 
$us ES u F- Ot ate Ges cnl - 
eu ue Wir 
E oue gc E E 
| JF = — — |=0. i Le 
gu ^ re Ox oy. Oz |* eis i 





Oytz z+x- 31) a un e 
| 4 »[ . Figure &45 : 
ET Stoke's theorem i 


$Re- [Fs = i ae eee at Ca 
f Verify Stoke’ S theorem for the integral $ Feet d whee Ci is. the square ine z-0 Roc with 


sides along the lines x = 0, y= 0, x = 1. ys =], 
Solution. 
` Cis a piecewise smooth curve consisting of C : y=0, pouch C, y= “1, e x70. 
The surface S bounded by C is a square of length of sides 1 unit lying i in xy Dane 
On C,y 70, dy =0 . F 
: F.dr- ede + xydy-xidx (y=0) . 
- x varies from 0 to 1. » 
P CT ; l A ` 
J : f hea [ Fea [xax 
(6 (076 ? 
On Cay, dc 
PE 





. Figure 8.46 





Ris 
| F-aF =0 
G 
Hence, [F.d = [Fare | Fare | Fara | Fd 
C [e C e C, 
PEE AS, 
3.2 3 
aA 


Nos w, Letus evaluate the PET integral, ons 





p 














EX e 
yxř =|. 2 2. 
Ox Oy Oz] - 
ae ig^ xy 0] 
oe E Y . 
| S : -yk 
. Forgiven orientation of C, ñ =k 
VxF nay 
FI 
[Vx F-üds RID 
k a ut . 
pe dx, . 
02h p Tues 
AE l 
79s 23 
Hence, B. dr = [VxF.fds 


x 
Thus, Stoke MN is verified. 








`- Vector Calculus, ` 


35. Verify Stoke's theorem for F = zi +37 + yk, Sisa part of the paraboloid z= 1 —x°—? for whi 


rA z 20, R- K»0. 


? Solution. 


in Fig. 


Cisa circle gf radius 1 and centre ator gin. 
'8n C, - 






; cos 0, y = sin8,z=0 
a= ~ sin Od 0 yey = cos 0dQ, dz = 
. e yd 








ve Pee = dde cos "Ode, 
0 varies from0to 2r 

$F.ar = f cos” 000-7 

C ha . " 
E e uel 

VxF = 9 9 9 

; Ox Oy oz 
zo | 
| $e se ug 

2i.fek 


Consider a closed piecewise smooth surface X consisting of 


The surface S is a part of paraboloid z z=]-y- 
_, Since, 8E» - 0, nisan outward" drawn noni to 5. For given a, the curve Cis oriented as shown 


y lying above xy plane. 


paraboloid $: z= 1 — x? — y? and base of paraboloid S': += 1. - 


By Gauss Divergance theorem. 





2 


Figure 8.47 





Uy 


Figure 8.48 





Stoke's Theorem Í 


On 5, a=~k, dS = diily . 
VxF.hü- [XN (- É)=-1 | 
So,- E pdS’= -[VxF-üds. 


$ . 3 


jus = area of base 


f 


Since, $e VxFüdS 


Stoke's thesrem is verified. 


36. ‘Verify Stoke theorem for ] Fe y i+ xy js 2xzk Sis the hemisphere pryez z2-],z220 with zw 


2 on " >0. 
` Solution. 


fe 0. . ; 
((OnC, x=cos,y=sind,z=0 | 
`- 3 dxz-sin6d0,dy- cos8d0, dz=0 





2% F=yitxyy- “2x2 k 
ff LÍ dF —ydx-^ xydy ~ edz " 
x sin ` 040 + sin @cos" 040 
p E “dF = Ter noco? 6- -sin We 9. F 
P ^ o: ^ x 
at i j k. 
e ea Jare 
; VxF =|—- = ra 
m li || Oy az |} 
i y xy -2x 
= = 93) yk 


Consider a closed piecewise smooth surface X Coree of 
hemispherical surfaces Sand circular base 5" 
Using Gauss divergence theorem 
$V xF-ñdS = [V-(VxF)dc =0 
-^F V eh 
=>  [VxF. ee xF-ndS=0— 
$ 5 ot 
>`  [YxĒF-ñdS nd ae Ads 
: S 


i 


~*~ 





The surface Sis a hein +y+z’= | lying inxy plane and the bounding curve is x? + y! = 1, 





Figure 8.49 





` Figure 8.50 


















Vector Calculus - 


-£., dS = dxdy, Vik we y 


a E E [vF si d$ = Mzaa 
X + PRN 2 
ies sin @d0dr = = 
+ Since, - a dF = [v Fa 


— Hence, Stoke' stheorem is verified. 


: 37. Verify Stoke’ s theorem when F= = y 2d (2 - yj and Ci is the boundary of the region | 
enclosed by the Patios y=x & r= 
. Solution. l 
`The curve Cisa piecewise smooth curve e consisting of Cx? =y and C,:y =x 
Maps dy 7 2xdx 


F- 2d = (2xy - ARA -y)dy 
= (2° — x)dx - (X — X)2xdx 


a = x')dx | 
Bd? = fax’ -x)de s = og X 
206 E E * NE m 
"x p] | mE | | " 
3 5 
E 
A = I$ 
Ón ud Hu dx = 2ydy E 


F.dr -Qxy- oy 0 y)dy 
-=(2y- yx: - 2ydy - Oe de 






E Bi o 
Nn 
C G G 
"o 
15 30 
a 
ae 0 | i 
Let Sbe the surface enclosed by curve C. eS "Figure 8.51 




















. . Stoke’s Theorem 





A 


For the anticlockwise orientation of curve C, the normal to the surface S, 7 =k 


^ ^ ^ 


i Sup Uc 
$ VxF = a s ce 
Ox Oy z 
| 2xy - y! jw 0 
= (= Ax+2y)k 
On S, VxF-8oCAx +29) 
dS = dxdy 
: ad — 
[VxF ads = ial (—4x +29) dxdy 
0y |, 
D. EM 
= [2x +2xy dy 
0 f p 





| - [20- yy - y Jo 
Li 


(2y" -2y ie -2y)dy 





D s + Qe txt »j. 29 3 : 
E Solution." A 
< $istheopen Tm x’ + y! - Ax + Az = 0 (parabol oid) bones xc (2, 0, 4) 


©. plane. The bounding curve C ofthe surface Sis given by 
x'*y-4x 70 > (x-2y +y =4 ie. circle of radius 2 with 
origin (2, 0) in xy plane, 
On curve C,x=2+2 cos, y= sin 8,2 =() 
dx =-2 sin@dé, y= 2cos Od6, dz - 0 3 
F.d? 2(y*2-ukQ24x-y)dy Figure 8.52 
= (= x) + (Qè - y’)dy | 
s. paq 4cos* 0—8cos0)(-2sin 0)d0 
| AU 0--8cos0— Asin! 9)(2cos0)d0' 












‘Vector Calculus 


= 8[~sin’ 0-- sin 0 - cos? > üsino-E 2 cosósind 
l + cos 0+ cos? cos! bipes! 0-sin' cos 0]20 
= 8[cos! 0 sin * 0. cos! üsing - —sin? Qcos0 
| t B l Pb. ci = 4260s ! 04.2 cosOsin 0--cos0---sin 0]d0. . 
0 varies from 0 to 2% ` E | 7 | ae. 


: 2n B l : l 
OF a = 8f (cos! @—sin’ 0+ cos? Osin 0—sin? 0cos0 


0 















+2.cos’ 0+ 2cos 0sin 0 + cos0 +sin 8)d0 


a 


= i6 cos? 040 
0 E 


= 16x . 





1. Verify Stoke’s theorem for 4 =( y-z-* 2)i +(yz+4)j + xzk where S is the surface of the cube 
x=0,y=0,2=0,x=2,y=2,z=2abovexyplane. ` 


ad 


Using Stoke’s theorem, determine the value of the integral I: ydx + zdy + xdz where C isthe curve 


defined by e+ ye = dX 94254 Ans. J 2a 
E l s. ‘State Stoke’s theorem and, the verify it for A= (x * Di + xyj. integrated round the square in the 
7^  * plane z=0 whose sides are “along the lines x=0,y=0, xc 1, y71. 
. Veri Stoke’s theorem for the vector F zzi + xi »k takes over half ofthespherex^* y+ z = @ 
lying dive the ex pane "4 Ti 
! = yi + 3j -zk € is the upper half surface of — 


5. Verify Stoke's theorem: for the fiinction Fexi+ xy) intergrated along the rectangle i inthe plane 
E=, whose sides are along the lies x= 0, y= 0, x= a andy = b. 

a Verify Stoke’s theorem for a vector field defined by F= d - -y B + 29). over the rectangular 
“region in xy plane bounded by lines x=0,x= a;y= 0 & y* b. ; 


8. Verify Stoke’s theorem for the function F = x^i + xyj inteprated round the square, in the plane z=0, 
whose sides are along the lines x = 0, y = 0, xuy-S. | 


> 


Verify Stoke’s theorem for the function F «xy * xy j integrated round the square with vertices 
(1, 0,0), (1,1,0), (0, 1,0} and (0,0,0). i 


10. Showthat Dd£.ar = [deu ids + | (gradóx F)JidS. 
MEC i * c y 5 i ' 


e 


EN 





sow 








CONSERVATIVE VECTOR FIELD. 





Let F(x, y,z) = f(x, y, zji + g(x, yz) * h(x, y, zy be a vector point function defined and continuous 
in region R of space. Let 4'& B are two points in R. Let C, and C, are arbitrary paths joining A & B. A l 


` vector field 7 F (r) is said to be conservative if 2 (7) dr from A to Bis independent of the paths. In this 


case the value of tines integr al depends on inital and final points, A and Bandnotonthe choice ofpath 
joining 4 and B. 


N 






For Example, F = yai + xz +xyk 

" i [F dr = bs + xydy. +xydz &, Yoz) 

i A C. C s ET i ; 
re. s Does: i on 





v ds TÉ We r = Ed. GREC Y - vu Gs Ye 2) 
ave: been incorporating the equation of curve T l 





of dosed eint tan anial punc coincide. So, if F Os is conservative vector field, ager dF over - 
anyi clo: odit will vanish: : 


“GF F. d En 
- Using Stoke's dude 
jv xFAdS-0. 
. Since, surface integral of [v x F dS is zero over surface enclosed by any arbitrary closed curve. 


So, the mega VxF has to be zero. So, we arrive at alternative condition for conservative vector > ~ 
field. Ph 


Theorem : The vector field F (i is said to be conservative iff Vx F =0. 
We also know that curl of gradient is zero. 


So, if Vx F -0. 
F can be expressed as gradient ofa scalar fiel b 







: Vector Calculus S 
` Theorem. A vector field F'(r) is said to be conservative iff F canbe expressed as gradient ofa scalar 
> function g(r). . i 

So, if F (r) is a conservative field 

Then — * F(r) = VC?) 
. Where 6 (r)i is called potential corresponding to a conservative vector field F (ry. 
| f Fora conservative vector field F (r) . 

F(r)- dr = Véedr 


z 2. uM (dei + dy] + ack) 
_ oy Oz 


eo. 
= Ob ay LO 
Ox 5 < OZ 


| = d( oe y, 2) 
So, F (r).dr isan exact differential 


eye F (r)is said to be conservative vector field iff F (9. dr is añ exact differential. 


| y ae . Trrotational field. The vector field F is idto be irrotational if V x F =0. 







2 k= -acosti d «osi from (-0tor- t 


2x dr. = yzdé * zd * xdi. 
AEST | j = : xyz) . l gr 
hE F is ane act lifferential. So, Fi Is s conservative: aaa a 


Solution. 












telas (0,5,c2/2) - . m 2 


: i = [yz]: =æ = je eta : 
Shoe, t= -0 corresponds to point (0, 0, 0): and t= n/2 corresponds to point (a, b, Ti Dy 


2 “Evaliiate [ex =y "cos xj (1- 2ysinx 3X! y dy. where C is the arc of the parabola 
2x- ny? from (0, 0) to ( 1/2, D. 


Solution. . ` 
First let uscheck whether (xy? Ly cos x)dx * ( i —2ysinx t 3x!y ')dyi is an exact differential.. 
We know that Mak + Ndy is an exact differential if PH 2 “= . 
Mr Oy eX. 

Here, 1 M= dn y cosx 

aM m ) 

+— = DAS y cos x 

Oy | 


E sm 2y sin x 33! 
ON 
Caso By cos x + xy 








Conservative Vector Field E 





hus, Y be 2 | | | a 
So, Máx + Nay is exact. — 
. Let Mdx +Ndy can be expressed as total differential ofa scalar function $ 


NC So, | sio dà = (xyi— y' cos x)dx + (1 - 2y sin x+ 3 dy 


oS A dee y ove eos nde + (1 Des XY XD i 


E " 
7 x oxy’ ~ ¥cos x l u 
ES b= = K a -y cos) c -y sinx l (D). 
E yecorstant «i 
ôb xd 
=! -2ysi sin x + 3x’ 
y. M | 
=> ġ = f (1-2ysinx +3) -y-ysin-txyM. (2) 
] Adding (1) & Q) while M the common term once | 
j i " : > =y- ysinx- xy 
i o So, given integral 
P E =e 
j | E Ma Ndy - f abo $ | 
4 l I 
Qo s matin aret. 
1 


3. "Show that the given 5 differentialform is exact and finda function g such that the Det ins d b 
(n dx + zdy + ydz 
o (O (2 -2x)dr- x'dy + 2xzdz 






.Q y Ü 4. S ded + 3xy'zdz. 





SPP 2r] 37k )dr 


Hae ho o Fe yrirry jt zk 
Ox | dy oz . 


l yz 2xyz 3xyz 
= E omisi s z? -3ylz 1 4- (2yz) = 2yz! X = 0 
Since, Vx F = 0.80, F can be written as gradient of same scalar function, $.. 
Fd? = V$edr 2d 
Hence, F.dr is exact differential. 
Es Vo 


00; i Ii 2-2 
uu as zb + Daye’ 74+3x k 
ro r EA 3^ j y l 








Tk 





^ 


ab 
Ox - 
op 


Then; - = z => b= g7 + constant 


E. 
* 3 a iud $i. 
p dye >. = e constant. 
Adding ( " (2). & (3) writing. common term once | 
$ =x? to C 
(b) dx + 2dy+ yd = +2 + yb) 
Hee -— _F = itgj+yk 


v Ros 
mi 
ce 


‘Since, Vx F «0, F can be written as gradient of same scalar function $. 


So, ` ` F dF = Ved? = do 
E Hence, F.dr i isan exact differential. 
' Anth m A nici p fe? Oe 





S SE 
Sy 
DUM : 


T (o (2) & (3) ad writing the common erm once. 
Tool ex * yz * constant 


(©) cosxd = -2ytdy- “dz = = (cos xi - 2: yzj- y! *. dr. 
Hee FS cos xi ^ 2yzj- y es 


. Since, Vx F= 0, so, F can beexpressed as gradient of scalar Radion $.- 


Fa =Vo-dF db 
(FN. 
x BAR Di = cos xi - 2yzj -yÉ 
zs 
9b 


Oy 


7 = 2x8 => d Sae toita 


——l]o 27 = $ =x + constant 


+) 2»  ġ=yż+ constant’ 





ere ee ee eei a 
j= cosy 7 $ = sinx + constant ` 


X1) 


E 


-—Qu 5 o 7$ - yz + constant > 













Cofiservative Vector Field 


ie NEN =>. 9 =-yz+ constant 





Adding (1), (2) & (3) and writing the common terms once 
6 7sinx — y'z + constant 


(d) (2 Joe s'y + Dede = (2 —2xy\i - x! j 2xzk].dr 


Here F-(z -2xyj - x PEDIS 
odes UU 
i ox ôy & 


|Z’ -2xy -x 2xz 





Since, curl F =0, F can be expressed as gradient ofa scalar function 6. 


So, FP Vo-dr = d$ 
po p Vo 4 
Od 7 en tas à ‘ 
NR DU RSEN 
Oy =o | 
. p 0$ , : : : 
So, l E m T z—2xyp C > g=zx-xytconstatt a. (1) 
oh PM N ee ME tant 2) 
| E y^ — = => $ 7—y + constan E 
N Op s, : b. 4 4 
R & = 2x2 ERE $ 7 xz + constant sessi da 
à z j 


i fe Q) & (3) and writing: thécommon terms once = Zx-xy 


j ge der (z + zcos roy +(2x? yet 70 yz)dz where Cis sany path, fom (0,0, 1) 





Térz + zeosyz)dy * (2x3 yz + yeosj)dz- 





D "A = [Xxyz!i (x22? + z cos yz) j + Qux? yz + y cos yz) | dr 
Hee , » F = 2xyz!i * (xz! + zcos yz) * (Qx yz + ycos yz)k 
| i Jj. k | 
= Q Ó ô 
Mx Ss vag — 
EE : 


2xyz! x'z!ezcosyz 2x yz+ ycos yz 


= (2x72 + cosyz — yzsinyz — 2x°z — cosyz + yesinyz) ] 
+ (Axyz — xyz) j+ (2x2 - 2x2) k = 0 


Since, curl F =0. So, F is conservative vector field. 
So, the given line integral is independent of path. 


CR LUNA 


Let us find the potential $ corresponding to F. 
Fry c 





i ,295 
i$» 


00 ua 2: 3 : e - 
foy 1729 4 T l 
9 ô l ie 
| TTE xii Zcosyz => 
ay mom 
ob -2 " 
= xyz ycosyz. n 


Adding (1), 0), 3) and d adding the common terms once 


So, the given line integral 


b =x ve + sinyz + constant 


Tu 


f 2xyz°dx + GU +ZCOS: syz)dy + Qi yrty cos os yz) : 


| 5, Evaluate 3 
Jes t (xz +l)dy + xydz 


= REL 


wee Cis any path from (1, 0, 0) to 0, l; 4). 


Solution: 


l Here, yzdx + (xz + Ddy* xydz 
So, 





path 





=o t(zt)j 4 xyk).dr 


P Fe yzi P Gr D +k 


| B bs find the poet corresponding to E 


$7 o» — constant - 


= faces yz C +sin yz) = e di Hin sc 


Bee Lam Veetor Calculus 


EY = 2x ita z 4 zoos )) + (28° bod 


b= = rye + -sinyz + constant... 


(2): 


E = xyz + + sinyz, + constant... RON 


Nain iun PN 





F = ae 
Siu AE ivo 
d id Eu b xyz s d zal ^ 
a, 2E Se i 
óy =xz+ 1 > ġ —xvz +y + constant Pe 23 
00 — | " 
n >. Nr = 2 + constant we {3) 


Adding (1), (2) & © and writing the common term once ` 
oF xyz + ba 


The given line ee is there lore 


wd) i | 







A. 


landheneé;givenlineintegralisindependentof `` 





Conservative Vector Field ``- 





(2,4). A 


T yzdx + (xz + l)dy Exp dz = [ d(xyz * yi 
C X Sad (15,0) 
"e "boe +yli 7 


6. Show that the vector field 
= Qxy- y! +3) + (x? -Axy)j 


` is conservative. Find its potential and also is work done i in pone: a pusicte io (1,0)to 2, i) 


along some curve. 
` Solution. 


Vector field F is conservative if Que -dř around any closed curve is salways Zero 


By stokes theorem, 


| OF a = = yk, AdS=0 — 
| So, for conservative field . | 


VxF =0 
/ ; E Qy- y“ axis -4xy Jj 
pe 5 pese 2 Bie 
C OO me 7 9 Oz — 
3 U : E s 4 = 2 GF , 
zu ^ 2xy =y t3 X ~Axy" P 


s[e- 4y- Qx- ^ yJé- 





(Wo Qo $7 T Qy- y Me 
= Mr. ee 
DS reges 
| $m a 
= n ġ = J (x! - 4xy?)dy -Xy- xy 


So, the potential 9 is given by 
a , ; E b SAPA + 3x 
Pdf =Vb-dF=db- 
[Fea = [a= D 

on [x»- - Xy EE in z5 


l . (10) | i 
-So, work done in vid a particle from (1, 0) to (2; 1) is equal to 5. 





1, If F = cos yi —xsin yj. Evaluate P dF where Cisthe curve in the xy plane from (2,0) to (0, 2). 


G 


Solution. . 
F = cos yi- xsin y 


f o F- dr = cos ydx — x sin ydy 
Let us check whether F. dr is exact. 
$ oM l 
M= cosy > -E siny 
i oy 
N 7 —siny => ee siny 
ox 
ince, . y ee 


F dr is an exact and hence, F is aconservative vector field. 
So, the given line integral is independent of path. 


E l = Letusfind the potential corresponding to F., 





F= và 
=> a y3: = cos yi- -xšin yj 
. c. e 
rn cosy => $ =xcosy + constant 
B oy =-xsiny => — $ =xcosy+constant 
Soy eiu ose Čo 7xcosy 


So/£$- [Fa = [cos yax- xsin ydy - 





$ Balun, E i 
[Gy «22d (6x- Loe ideis: - 5y)dz 


P=axrtyandz=yti- 


Solution. l 
F.d = dé Ay p RON 
- Ox oy Oz .. 
z -3y 22 => — $ =3xy +2x + constant 
k 

o NE en eae 

—=6xy- i072 > $ =3xy —5y'z t constant - 
- Oy : 

00 , 


So | 002 3xy^ t 2xz - Syl 


along the portion from (1, 0, 1) to (3, 4, 5) of the curve C, which is the i intersection of the surfaces 


— xd4xz-3y! l > 2b —2xz-Syz4 constant 





Consesvative: Vector. Field eae 


. -The line piel Fd along the portion ( 1,0, Dto (3; 4, 9. 
(34.5) ic 
= [30° +2x2° -5 y it : 
- -]08 


9, Show that F = €2xy +z 4x? di $322xk i is a conservative field. Find its scalar potential and also 
the work done in moving: a nee from (1.-2, 1) to G, 1, pm. l 





Solution. MES 
ds = Qxyz ) x! jt nO 
! Ard AE. ^ 
VxF = ee x 1 =0 
= es OX p Oz 
os? ad 32? X 


So, F is conservative. field, it can be expressed as gradient of scalar á 





| F*v$ 
sy ^ 3^ E ^ 0 ^ .Q 25 
> a ZY+ j+3z°xk -3i E Ls 
N^ = =? z = x} xz ^ est 
X. XU 2 er ISSUES n Casp 
/ > x à 2 =x E— $ = x | (2) 
( 2005 Oy l i 
3 . 00 4.2 ` 4 ^ 
PE "EE poe T CXX C = ó xz sald) 
Adding (1), ©) Oa a writing the common term once - 
j $ xy exp 
infaparicleton( -2, 1) te 3, l, 4) 
d NM W= Fede = dh, 
[o Fee 


tn . = [x yx "ee 200 
to. Show that: Az “(642 n «Ge —-z) j* xz - yk i is ircotational. Finda scalar potential sue 


- that. A: =gradg. 
| Solution. l 


T. j 

ð 0 

a oy 
óxytz! 3x'-z 3x2” 


curl A =|- 


id elo > 


Since, curl 4 =0, so, Å is irrotational. 

A can be expressed as gradient of scalar function Q. 
] 4 7 V Dl] 

ôg t og ^ og k 


(6xy + ze (ax? = z)j + (xz? - yk =—14+-— j+ 
: &x | Oy Oz 











Vector C alculus 


e 6xy + 2 = $ = 3y +z°x (1) 
Ox - : 
4 = 32 | ; 42 
] go” Eur > $ =3xy -yz (2) 
f ob ^ 3 ` z E EN i 
à po AE > ġ =xz" -yz (3) 


Boni a ), 0), (3) & writing the common terms once 
$ = 3xz) — yz + xz? 





14 


1. Evaluate jF dr for hë field F F= sage whee Ci is the ie clligsei in vidi the plane z= 2x ^ 3y 


cuts the cylinder gry- 12 counter clockwise as viewed from the positive end of the z-axis looking 


towards the origin. ‘Ans. 0 
2. Show that the vector field defined by the vector function V = xyz(yzi + xz j + Xy k) is conservative. 


Find the scalar potential such that V = grad $. Find the work done in moving a particle from (1, 1,2) 
to (3,2, 4). | 
Show that the vector field defined by F 22xyzi ex z} e 3x! yz! k is irrotational. Find also the 


scalar v such that F = gradu. 


wo 























CURVILINEAR CORDINATES 





In the cartesian coordinates system, we have an origin and a set of three orthogonal axes passing 
through it. Any point P is described by three coodinates (x, y. z). To point P, we can associate a unique set 
of coordinates (w,, w., u) called curvilinear coordinates of P, such that io y. Z) can be expressed is 
terms of (u; u,, i) as 

e u,, U), Y = E Y(U; Uys s Uz), Z do U) mE xl) : 

C can be solved for U,, U,, 4, in terms for x, yz 

f. u=ulx,y, Z), u, =u Q, y, 2), ‘Uy = ux, y. Z) wad) 
ier, Eeuation (1)is fienstormaiion equation from curvilinear to cartesian. Eius (2) is transformation 
equation, from cartesian to curvilinear. ' 


Æ orExample: We denote a Soin T d (r. 0, $i is spherical polar coordinates and by (x, y. z) is 
cartesian coordinate system 






(x, y, Z) in cartesian 





(r,9,) in spherical. polar 


The on equation from castesian to- 
-spherical polar coordinates are 


E Mls SS 
o tan! | — 4 
M Zo : X 





Tos , l i Figure 10.1 B " i 
$- tan” E l 
x f 


‘These are transformation equation from castesian to spheri ical polar. 


. Note: Unlike í BJ k i in cartesian coordinate system, unit vector in direction of r,0,6 i.e. ĉĉ, &à d 
- are associated witha point Pand they change direction as P moves around, Y 

















- . Vector Calculus 





bed us Edu about curvilinear coor ms by taking example ofspherical polar EE E 
In spherical polar coordinates, a point P is specified by coordinates ( r, 0, ). 


The surface r=c,,.9=C,, $—c, where c,. c, c, are constants are called coordinate surface and 
each pair ofthese surfaces intersect ina curves called coordinate curves or lines. 


Herer 7 c,isa sphere of radius r, 0 =c, isacone with semivertical angle 0 and $i is cylinder of radius 
E: sing. 


"7 const 





d In genefat U= Cy Uy C, u= Cy where Qi y Cs are c 
l constiut, are called Soniai surfaces and each pair of these ee en aincurve 
_ surfaces intersects in a curve called coordinate curve or lines. If . i Š 
".thecoordinate surfaces intersects at right angles, the curvilinear 
l coordinate system is called orthogonal. The il, Uy, U,, coordinate 
curves of a curvilinear system are analogous to the x,y, and z, 
coordinate axes ofa rectangular system. 

Let F be the position vector P, F = xi + yj + zk 
X, y, z coordinates can be written in terms of u,, 1, U, 
then 7 becomes a vector function of uU, U, & us. P d 
X 





U,CUFVE 


¥ 





For example: 
In spherical polar coordinates. 


Figure 10.4 


F =rsinOcos6i +rsinOsing j+re0s0k . 2 i 


: JFK 
_A tangent vector to the u, curve at P (for which u, & w, are constant) is E 
TEN. Bs E . OU, 








Curvilinear Coordinates 





* 








| se candies fs Ae O25 
Then, unit tangent vector in the direction of tangent tow, curve is ê xr — 7 a 
| | Or / Ou, 
b or | 
Let ame Mn 
s» Ou, ! 
or P 
So, mee 
Ou, he 
or 
Similarly, ^. — — = hê 
» Ou ^ — fx 
s = hj, 
Ou, 


The quantities h,, h,.h, are called scalé ficis. Theunit vectors és Â. ê, are indirectionofi increasing 
U> U,, 1I, respectively. 


For spherical polar coordinates 


= rsin@cosdi +rsin@sin bj +recsOk 


~ 


or 
— = sinOcosdi +sin@sindj + cos ok 


Or 
pa 


^ Jêr zE 








or A Bas aan 
a = rcos@cos Qi + rcosOsin oj -rsin 0k 








E Or |. 
n h, =) =, 
25 Li d 
ar ; 
= S907 
xe | h = 





So; scale tors for indi. polar coordinates are hè =1,h=r,h,=rsin 0 
pc polar coordinates, a point Pis defined by coordinates s (p. $,z) 
x F=xi+ y +zk 
= pcosoi 4 psinój 4 zk 


= = cos $i +sin dj 


i 














ketl 
ap — 
— = psinói +pcos o 
E" psinói + p cos g 
or 
Al" P 
Ec 
Oz 
lar 
heel 








v. e Vector Calculus > ^ 











Let 7 F bea vector denoting: a point P in space. Let us consider a point pis is the vicinity of point P, 
described by vector r + dr, r isa function of u,, u,, u,- 


| So, dr isalso function Ofu; U, & U, 
dr = or hi + ides t er ue 
. Ou, Ou, Ou, ` 
= hduê + h,du,é, + h,du,é, 
- Letó bea scalar function which isa function curvilinear coordinates Uy Up, Us. 
The differential d can be written as 


ko g db = m —- du xm +— en. —-du, 
| Ou, Ou, Ou, 
| d$ can also be written as . 
ys 
do = Vo.dr where V6 is the gradient of  - 


= ((V),à &(V9),& (V0), ê ). (hdué, + hdujé, + hdujé,) 
= (Vo), hdu L* (O9), du, +(VO),, du, — 
2 Where (V4), (V9), & (VO), are components of Vé along u, u,, u, curves 


Comparing both the expression of do 









ic Pup -12 ! 
(xw B8 por AO | 
s Si ay Š A à x 
MN C 9. ru 7 
P V9). = » Qu. 
‘So, Vb = (V0),4 + (V9), 4 +(P a 


1,4 o6 ; pd Er m 00 2 
h, ĉu, ar PICO i^ Ou, ^ 
H, U, & u, are curvilinear coordinates, ^, cr . h, are scale factors anc à: é,, ê are unit vectors 
along coordinate curves. 
The scale factors for different coordinate systems are 


System 
Cartesian 


Spherical polar - r “ser l y sing 





Cylindrical polar 















Suppose we have a véctor function 
A, Uy, U;) = A, 6, +A, 6, t 4, €, 

Let us evaluate $ A-AdS over the surface of the infinitesimal volume beginning at (14, i, 1i) and 
increasing each ofthe coordinates in succession by an infinitesimal amount. Since, the coordinates are 
orthogonal, it's a cuboid with length of sides h,du,.h,du,,h,du,. — l 

: (u, + du, th + du, ty) 
$ ] 


/ (un t, + du, ut du) 
ee ê | 
/ ] l l SE Figure 10.5 
€  Thevolume ofthis regionis . `. 
E dt = h hh du du du, 


^ Foxthe surface, PORS i 
i . dS = hh dudu, 

normal to dS = ~ê 

 Ad$ = —hhydi,duê, 

A: nds = <A Ah hidudu, 

E ^ Woe a A, hyhydudu, E 
Í Ti valuate surface integral on back surface ABCD, the quantity A, hh, has to be evaluated atu, + du, 

For&deérivable function f(u) 


yi 


_ Otitward drag 







dá 





S 





f(u* du) = Aaa ai 
E du | 
On ABCD, . ü = ê . d E 
dS = du du, 
A-ndS = A-é dudu, 7 
ô i E 
=| 4, hh, RC Mids 
Hu ] | 


The surface integral across PORS & ABCD together gives 





aad re a 

Qu al i AO; 75 S 

Similarly, surface integral across P4BS & QDCR together gives 
ô 1 





(Ah A, jdu dudu, = - Lah dt 
UR : "S hh P USB s 


i2 2 








.. Vector Calculus 


= ae Dici across rano : SBCR together g Ewes 


ald, )du, du,du, = PT àL Ê (hh, 4, )dx i 


Hence, from aċross the whole surface . pM E 
B/7! ads "usé Ay a. MAD S hA | 


So, from Gauss Divergence theorem 


vd- E (hh, vg P4) 





Suppose we have a vector function: 
— Aut Uy) = 4,6, + 4,ê, +4, 8; 
Let us evaluate $ A-dl arounda infinitesimal loop generated by starting at (4, 1, 11,) and successively 
| increasing u; and u, by infinitesimal amount, holding u, constant. The surface bounded by loopisarectangle 


of lengths A, h du, &h ydus. A 
The unit normal vector tothe surface dSis ê, b ; \ Pree er fee 
ndS = hh du du ê, 
Along PO, : di = hduê, 
. Ed = Ahdu 
To evaluate 4-d] along RS; ^ A, Ay has to be 


evaltated at u, + du,. 
Fora derivable function f(u) 


flut du) = LUE d | 









(Uys, + dun, Uy) 


d du, du; du) 






c Figure 10.6 





dem Lr +— au n^ cs |en 


in 


: So, A-dl oe PO&RS together gives = A )du, d. i T o- 





iiaa - di along QR & SPt togettergives (n4 ,)dudu,. P "S Et 
So, along PORS . | | 


jà- á- I EA jJ du, 





SEA asp ay: 
xà 54,77 (hl B 


The coefficient of dS on right hand side gives dei u, component of curl A 











-© Curvilinear Coordinates ` 





£r | eee 
x = ——|——(h, A, )-— 
(V 2 3| (Ae Ld $e] 





hh, | Ou, 
(VxÀ), = AME D (A | 
è ' hh, Ou, 
- 1} 0 
(Vx A), = alie" 4j- a, A ] | | 
B 1] a | 
So, VxA= hh, eod A.) ace à uie (hA 1A, ) EX | 


(54 24h "d 


"RR 





faplaciani is diverg gence OE Sadik 


we | E (n A), ES aa ze a)l. E 
h,h,h, | Ou, 2 h, 0u,)] ðu, \ h, Ou, 











au 
PIOS yed ALA, Aa 
j Proof: E Vo = hon t h, ^ ôu e 
€ We know that y 
a. A A l h 
2 TEE M d rd fe -(hhyA, pa "uk Ate m 





The surface integral $j f -ndS is called flux of f across s the closed surface S. If f denotes the fluid 


s ii the flux of f across the closed surface denotes the quantity of fluid flowing across the closed 


-` surface S. Ifthe flux is postivest there is net flow out of the surface and if the flux is negative, there i is net flow 
into the surface. 


Theterm divergence comes from interpreting di y a as a measure ofhow much a vector field diverges 
from a point. The divergence of f can be defined with the help of Gauss Di vergence theorem as 


V- f(x, y, z) = im 7$. nds 


where Vis the volume enclosed by the closed surface S around the point (x, y, z). Inthe limit V > 0 . 
means that we take smaller and smaller closed surface around (x, y, z) which means that the volumes they ` 


enclose are going to be zero. It can be shown that this limit is independent of the shapes of those surfaces. 





Vector Calculus ` 


The limit oi ratio of flux through the surface to the volume enclosed by that surface gives a roug measure 
of the flow leaving a point. 





| The line ifitegral $ f «dř is called circulation of ra aroung C: So, the curl Af is interpreted as a 


measure re of circulation density. The can be dsd by defame curl Í with the help of Stoke’s Jav as 
curl f(x, yz) = “tins $F -dř 


where S is the surface dantem point (x, y, z) and bounded by a simple closed curve C. In the limit, 
the curve C, shrinks to a point (x, y, z) which causes surface Sto have smaller and smaller surface area. 
; The ratio of circulation to surface area in the limit makes curl f arough mezsure of circulation density. 
* | Now, Let tis discuss by taking an example, how the curl ofa vector field represents its rotational 
sense. Let us take an example ofa vector field f 5 Q0 x5). The fieldlies in xy plane pointing y direction. 
The strength of field increases as we move away from y axis in either direction. i.e. positive & negative x. 
l y 










eee ea Tae à 


The whieel on the right of ye axis vill rotatein ‘anticlockwise direction and the wheel onthe left of yaxis 
rotátis i clockwise direction. In both the cases curl will be non zero and obeys right hand rule that is, the 
curl f (x,y, z) points inthe direction ofthumb as you cup you right palm in the direction of rotation. So, the 
cur] points towards positive z direction i inthe region right of B axis (x> 0) and cowards negative z direction 
inthe region left of y axis (x <0). 


Let us calculate curl f 
Py: 3 
curl f = |> D -2xk 
Ox Oy & 
0 1«x! 0 


curl f  2xk confirms what we have discussed. 


Le. curl f lies towards k for x> 0 and towards - k forx « 0. 










M Curvilinear Coordinates: oe 


wee canem 


if all the. vectors hid same direction aii same magnitude then wheels won’ 'trotateand hence there ~ . 
would be no curl, such fields are called irrotational meaning no rotation. pa 
` Now, letus write the expression of gradient, Pe TeEn TE curl and Poppe in cartesian, spherical 
"polar and cylindrical coordinates. 
() Cartesian (6 y, 2) : Scalar function 6; vector field 


f= fit hit fk 








" 95: IE 06; 
dient : v - +—k 
Gradien 5 >= A By! Ps 
Divergence : Y af = of Se ods 
s ANM Ox . Oy Oz 
Ria: : 2; [05 05 (3 2 o5 Of 
à 1: e Nerea k 
N il: id E à). Oz x Ux Cy j 
| | eu a 2 00 
; 299 
Laplacian y? b= ad +> a7 
(2) Spherical (z, 0, $) : Scalar function T, vector field 
B | f 46 fê t he 
Gradient: ee ILE 
NE Parnes E ge oo Pus IM A 
uit s | DER E EN 
j Di (of ut = 
2 E divergence "d ie Pon f): — = Gin 8 f,)+ Puno Ob 
& x fa N'a 1 of. ô 
' dici Vx f= ——|-— (sine $ le +—|—_-++-— 
pr. WU cain Ee o5 des ap ar pra 








| T 1 E z 
| sind "un 
V 700) pr 'sin^8: o 
| fae a. -ar 4 A. AT. 
: ja xs ji ME yr- ap? p à a "s 
: à Q 
Divergenee PDC V. fF aM, p D » 4 | 
Curl: Qu (14 ag pel ie Br te <0) a)i 


L l 7 . vr = lo or "y 
apiacian ; | pap Op p. ap an 








and (b p» 


n 


109. Let (a,)”, 
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(a) limsup a, =liminf a, «1 
(c) limsupa, =1liminf a, =-! 
111. The sequences (1,0, 1, 0, 1, 0, ...} is 


(a) increasing sequence 
. (c) monotonic sequence 


be two sequence such that (a) A and (5,), , 





(b) 4-0 
(d) None of these 
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(d) limsupa, = Iliminf a, = = 
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(b): decreasing sequence 
(d) None of these 


. 112. Statement (A) Every converges sequence is bounded. 


(a) 4 is true, B is false’ 
(c) 4 and B botli true 


(a) linia,, and lima, exists ! 





(c) lima,, and limo, and lima,, se 
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(a) converges to Ja 
(c) converges toa ~ 


` (a) converges sequence - 

© (c) non-Cauchy sequence 
. beta, 
(a) diverges to infinity 

| (c) having a subsequences converging to 3 
Let sequence (Gi) 
(a) b, #0 forall and B=0 - 
(b) 5, # for some n 

f (c) b, #0 for all.n and B0 
(d) None of these 
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| >- . Statement (B) Every bounded sequence is convergent. 


115, If (a a) is decreasing ald tou bounded, then (a re i fe: 


| (d) may not exist. 


(b) B is true, A is false - 
(d) 4 and B both false 


.113. Let (a, J bea sequence of real Aviaries Then lima, exists if and only if 


(d) None of these 
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. (b) diverges to Ja 
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(b) diverges’ sequence 
(d) None ofthese - 


least power of 2 that divides n. Then < d; >is - 
: (b) bounded ` 
(4) converges 


(b) 0. 
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lima, and lima,,,, exists 
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and (b, i converges: to 4 arid B respectively, then n (4, [b Pus converges to A/B, if 


118. If « a, > is decreasing sequence of positive number Ya, converges, then limna, is 
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